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Allocation of a Graph

Finite set of indivisible items

Agents have preferences over bundles of items
always monotone, usually additive

Goal: Allocate items to agents

Items are arranged in a graph, only allowed to hand out 
connected bundles
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Classical Fairness Concepts

Fair Division of a Graph  
IJCAI-17, Bouveret, Cechlárová, Elkind, Igarashi, and P.

NP-complete to decide existence of envy-free or 
proportional allocations, even on a path

Tractable if there are few player types

For a star, proportionality is easy, but envy-free is hard
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Parameterised Results

Proportionality on paths: XP wrt # of types 
Dynamic programming: “Does there exist an allocation of the first q 
items such that hi players of type i are happy?”

Proportionality on paths: FPT wrt # of players 
Dynamic programming and matching.

Envy-free on paths: XP wrt # of types 
In an envy-free solution, all players of the same type need to have the 
same utility. Guess each type’s utility (there are only        options).  
Then dynamic programming.

Fair Division of a Graph [IJCAI-17]
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MMS

The maximin share of a player is  

Intuition: Cut into n pieces, choose last.

An MMS allocation must give each player utility ⩾ mmsi

Due to Budish [2011]. Need not exist for general graphs 
[Kurokawa et al., EC-14, AAAI-16, JACM-18].

Maximise over connected partitions only => MMS values 
smaller than normal

Adaptation of a moving knife protocol produces an allocation 
where every player receives at least their MMS share.

i.e., ⇡(i) \ ⇡(j) = ; for each pair of distinct players i, j 2 N . An allocation ⇡ is
connected if for each player i 2 N the bundle ⇡(i) is connected in G.

Given an allocation ⇡, another allocation ⇡
0 is a Pareto-improvement of ⇡

if ui(⇡0(i)) > ui(⇡(i)) for all i 2 N and uj(⇡0(j)) > uj(⇡(j)) for some j 2 N .
We say that a connected allocation ⇡ is Pareto-optimal (or e�cient, or PO for
short) if there is no connected allocation that is a Pareto-improvement of ⇡. The
utilitarian social welfare of an allocation ⇡ is

P
i2N ui(⇡). It is easy to see that a

connected allocation which maximizes utilitarian social welfare among connected
allocations is Pareto-optimal.

The standard fairness notions of maximin share (MMS) allocations [11] and
envy-freeness up to one good (EF1) [12] can be adapted to the graph-restricted
setting as follows. Given an instance I = (G,N,U) of CFD with G = (V,E), let
⇧n denote the space of all partitions of V into n connected pieces. The maximin

share guarantee of a player i 2 N is

mmsi(I) = max
(P1,...,Pn)2⇧n

min
j2[n]

ui(Pj).

A connected allocation ⇡ is a maximin share (MMS) allocation if ui(⇡(i)) >
mmsi(I) for each player i 2 N . We say that a connected allocation satisfies
EF1 if the envy is bounded up to an outer good, i.e., for any pair of players
i, j 2 N , either ui(⇡(i)) > ui(⇡(j)) or there is a good v 2 ⇡(j) such that
ui(⇡(i)) > ui(⇡(j) \ {v}) and ⇡(j) \ {v} remains connected.

Finally we introduce several measures of a graph that are often used to
represent the structural complexity of the associated problem. The diameter

of a graph G is the maximum distance between any pair of vertices. A path

decomposition of a graph G is a sequence (X1, X2, . . . , Xk) of subsets of vertices
of G such that the endpoints of each edge appear in one of the subsets and that
each vertex appears in a contiguous subsequence of the subsets; the pathwidth of
a path decomposition is maxi2[k] |Xi|� 1 and the pathwidth of a graph G is the
minimum pathwidth taken over all possible path decompositions of G.

3 Finding Any Pareto-Optimal Allocation

We start by considering the problem of producing some Pareto-optimal allocation,
without imposing any additional constraints on the quality of this allocation. In
the standard setting where there are no connectivity requirements (equivalently,
when G is the complete graph), this problem is trivial: Simply allocate each item
separately to an agent who has a highest valuation for that item. The resulting
allocation maximizes utilitarian social welfare and is thus Pareto-optimal. When
G is not complete, the problem with this approach is that it can produce
disconnected bundles. Is it still possible to find an e�cient allocation for other
graph topologies?

3.1 Paths and Stars

For very simple graphs, the answer is positive. When G is a path, a certain serial
dictatorship method produces a Pareto-optimum.

4

Fair Division of a Graph [IJCAI-17]
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MMS: last diminisher
Fair Division of a Graph [IJCAI-17]

shout!

}
⩾ MMSi

shout!

Algorithm also useful for ⍺-MMS
in standard setting [Ghodsi et al., EC-18]

r

(a) The first player proposes a bundle.

rr

(b) Other players may diminish the bundle.

r

· · ·

(c) The last-diminisher receives the bundle.

Figure 2: A discrete version of the last-diminisher method

Lemma 5.3. For an instance of CFD where G is a tree, and a
player i 2 N , we can compute mmsi(I) in polynomial time.

Proof sketch. Calculating mmsi(I) is the same as maximiz-
ing the worst payoff for the instance I

00 where all players are
copies of player i. That is, mmsi(I) is equal to the maximum
value of q such that A does not fail on (I 00, (q, . . . , q)). By
scaling up the utilities, we can ensure that this value of q is a
not-too-large integer (we omit the arithmetical details), and
can therefore be found by binary search.

It now follows from Proposition 5.1 and Lemma 5.3 that for
trees an MMS allocation can be computed efficiently.

Theorem 5.4. Every instance I = (G,N,U) of CFD where
G is a tree admits an MMS allocation. Moreover, such an
allocation can be computed in polynomial time.

The known examples of instances without MMS allocations
are very intricate. Our graph-based setting allows for simpler
constructions: our next example shows that an MMS allocation
may not exist on a cycle of 8 vertices. We conjecture that this
is the shortest cycle that admits such an example. Our example
is similar in spirit to an example for 2-additive utility functions
by [Bouveret and Lemaı̂tre, 2015].

Example 5.5. Consider an instance I = (G,N,U) of CFD
where G = (V,E) with V = { vi | i = 1, 2, . . . , 8 }, E =
{ {vi, vi+1} | i = 1, 2, . . . , 7 }[{{v1, v8}}, N = {1, 2, 3, 4},
and the utilities are given as follows.

v1 v2 v3 v4 v5 v6 v7 v8

Players 1 & 2 1 4 4 1 3 2 2 3
Players 3 & 4 4 4 1 3 2 2 3 1

To normalize to 1, each utility value above is divided by 20.
Now, we have mms1(I) = mms2(I) > 1/4, as witnessed
by the partition P1 = {{v1, v2}, {v3, v4}, {v5, v6}, {v7, v8}},
which offers value 1/4 for these players. Similarly, we have
mms3(I) = mms4(I) > 1/4, as witnessed by the partition
P2 = {{v2, v3}, {v4, v5}, {v6, v7}, {v8, v1}}. These two par-
titions are illustrated below (note the cyclic shift):

P1: v3

v2
v1

v8

v7

v6
v5

v4

P2: v3

v2
v1

v8

v7

v6
v5

v4

Now, suppose towards a contradiction that the instance I

admits an MMS allocation ⇡. Then ⇡ has to allocate at least
two vertices to each player, as no player values any single item
at 1/4 or higher. This means that ⇡ partitions the cycle into
either P1 or P2. Suppose first that ⇡ cuts the graph into P1.
Then, there is only one connected piece in P1 that players 3
and 4 value at 1/4 or higher, namely, {v1, v2}, so at least one
of these players is allocated a piece whose value is less than
his maximin share. A similar argument holds when ⇡ cuts the
graph into P2. Therefore, there is no MMS allocation.

6 Conclusions and Future Work

There are several exciting directions for the study of connected
fair division of indivisible goods. For the solution concepts we
have studied in this paper, one can ask whether certain graph
classes yield better approximations than the general case, both
in terms of existence guarantees and complexity results. In
particular, it would be interesting to obtain a characterization
of graphs for which an MMS allocation is guaranteed to ex-
ist. There are also further solution concepts that we have not
considered, most notably the maximum Nash welfare solu-
tion [see Caragiannis et al., 2016], which could be studied in
this context both from the axiomatic and the computational
points of view. Another promising direction would be to ex-
tend the work to other preference representations, including
ordinal preferences [Aziz et al., 2015], or to chores instead of
goods [e.g., Aziz et al., 2017]. Also, it would be interesting
to obtain analogues of procedures such as sequential alloca-
tion and round-robin that respect the connectivity constraints
and still produce desirable allocations. Finally, we may con-
sider placing constraints on the ‘shapes’ of players’ pieces,
e.g., by requiring that the size of each piece is large relative
to its diameter; similar ideas have been recently explored by
[Segal-Halevi et al., 2015] for the land division problem.
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MMS need not exist on a cycle [IJCAI-17]
but approximations exist [Long & Truszczynski, IJCAI-18]
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EF1

An allocation is envy free if                       for all i,j. 

Envy-freeness need not exist —> Relaxations?

Budish [2011] proposes envy-freeness up to one good

For each i,j, there is            with 

Without connectivity constraints, EF1 always exists
Envy-graph algorithm due to Lipton et al. [EC-04]

Round-robin procedure [Caragiannis et al., EC-16]

Maximum Nash welfare [Caragiannis et al., EC-16]

ui(Bi) ⩾ ui(Bj)

o ∈ Bj ui(Bi) ⩾ ui(Bj∖{o})
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EF1 on a path

We show that EF1 exists on a path

when there are 2 agents (cut-and-choose)

when there are 3 agents (Stromquist's procedure)

when there are 4 agents (Sperner's lemma)

when valuations are identical (≈ leximin)

By Sperner's lemma, EF2 always exists

Existence extends to graphs with Hamiltonian path

Existence does not require additive valuations
+MMS
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Asides

EFx does not exist:  
Consider 2—3—1—3.

Can try to get EF1 by rounding a fractional 
EF allocation, but this approach only gives 
EF1 for binary additive valuations.
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Cut-and-choose protocol

Divisible cake:

1. Alice divides the cake into  
two equally-valued pieces

2. Bob chooses preferred  
piece and receives it

3. Alice receives other piece

Bob Alice
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Lumpy tie

v

v is an agent i’s lumpy tie if

v

v

≽i

≼i

and
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Discrete cut-and-choose

Alice selects her lumpy tie v and takes it

Bob selects either the left or right piece

Alice receives v and the remaining piece

This is EF1.

v

works for all traceable graphs
— any others?
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Cut-and-choose: bipolar numbering

P����. Clearly, the protocol returns a connected allocation. �e returned allocation satis�es
EF1: Bob does not envy Alice up to item �j , since Bob receives his preferred bundle among L(�j )
and R(�j ). Also, by (3.1), Alice does not envy Bob, since Alice either receives the bundle L(�j )[ {�j }
which she weakly prefers to Bob’s bundle R(�j ), or she receives the bundle R(�j ) [ {�j }, which she
weakly prefers to Bob’s bundle L(�j ). ⇤

Proposition 3.1 implies that an EF1 allocation always exists on a path. It immediately follows
that an EF1 allocation exists for every traceable graph G: simply use the discrete cut-and-choose
protocol on a Hamiltonian path of G; the resulting allocation must be connected in G. In fact, the
discrete cut-and-choose protocol works on a broader class of graphs: We only need to require that
the vertices of the graph can be numbered in a way that the allocation resulting from the discrete
cut-and-choose protocol is guaranteed to be connected. Since the protocol always partitions the
items into an initial and a terminal segment of the sequence, such a numbering needs to satisfy the
following property.

De�nition 3.2. A bipolar numbering of a graph G is an ordered sequence (�1,�2, . . . ,�m) of its
vertices such that for every j 2 [n], the sets L(�j ) [ {�j } and R(�j ) [ {�j } are both connected in G.

An equivalent de�nition (which is the standard one) says that a numbering is bipolar if for every
j 2 [n], the vertex �j has a neighbor that appears earlier in the sequence, and a neighbor that
appears later in the sequence. Bipolar numberings are used in algorithms for testing planarity
and for graph drawing. Every Hamiltonian path induces a bipolar numbering, but there are also
non-traceable graphs that admit a bipolar numbering, see Figure 1 for examples.
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Fig. 1. Non-traceable graphs with bipolar numberings.

P���������� 3.3. When there are n = 2 agents, then the discrete cut-and-choose protocol run on a
bipolar numbering of G yields an EF1 allocation.

P����. �e discrete cut-and-choose protocol always returns an allocation whose bundles are
either initial or terminal segments of the ordered sequence (�1,�2, . . . ,�m). By de�nition of a
bipolar numbering, such an allocation is connected. �e argument of Proposition 3.1 shows that
the allocation satis�es EF1. ⇤

It is clear that the discrete cut-and-choose protocol cannot be extended to graphs other than
those admi�ing a bipolar numbering. However, it could be that a di�erent protocol is able to
produce EF1 allocations on other graphs. In the remainder of this section, we prove that this is not
the case: for n = 2 agents, a connected graph G guarantees the existence of an EF1 allocation if
and only if it admits a bipolar numbering. �is completely characterizes the class of graphs that
guarantee EF1 existence in the two-agent case.4

4Note that no non-trivial disconnected graph guarantees EF1 for two agents: If G is disconnected, take a connected
component C with at least two vertices. Let both agents have additive valuations that value each item in C at 1, and value
items outside of C at 0. �en, in a connected allocation, all items in C must go to a single agent, since the other agent needs
to receive items from another connected component. �is induces envy in the other agent that is not bounded by one good.
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Characterisation

In case (b), for each i = 1, 2, 3, let Bi be the block sharing the cut vertex si with B. Note that each
pair of the blocks B1,B2,B3 does not share any cut vertex because B(G) forms a tree. Choose a
vertex �i from Bi \ {si } for each i = 1, 2, 3. Again, one can choose �i , si due to the maximality of
Bi . �e two agents have utility 1 for s1, s2, s3, �1, �2, and �3, and 0 for the remaining vertices. Now
take any connected allocation (I1, I2). One of the bundles, say I1, contains at least two cut vertices
si and the other contains at most one cut vertex si . Say that s1, s2 2 I1. Now, G \ {s1, s2} has three
connected components, and since I2 is connected, it must be contained in of these components.
But each component contains at most two vertices with utility 1, so ui (I2) 6 2. Since there are six
vertices with utility 1 in total, ui (I1) > 4. �us, the allocation is not EF1. ⇤

Combining these results, we obtain the promised characterization.

T������ 3.8. �e following conditions are equivalent for every connected graph G:
(1) G admits a bipolar numbering.
(2) G guarantees EF1 for two agents.
(3) G guarantees EF1 for two agents with identical, additive, binary valuations.
(4) �e block tree B(G) is a path.

P����. �e implication (1) ) (2) follows from Proposition 3.3 which shows that the discrete
cut-and-choose protocol yields a connected EF1 allocation when run on a bipolar numbering. �e
implication (2) ) (3) is immediate. �e implication (3) ) (4) follows from Lemma 3.7 which
proves the contrapositive. Finally, (4) ) (1) follows from Lemma 3.6. ⇤

�e equivalence (2) , (3) is noteworthy and perhaps surprising: It is o�en easier to guarantee
fairness when agents’ valuations are identical, yet in terms of the graphs that guarantee EF1 for
two agents, there is no di�erence between identical and non-identical valuations. Intriguingly,
even for more than two agents, we do not know of a graph which guarantees EF1 for identical
valuations, but fails it for non-identical valuations.

4 EF1 EXISTENCE FOR THREE AGENTS: A MOVING-KNIFE PROTOCOL

!! !!

L M R
We will now consider the case of three agents. Stromquist
[1980] designed a protocol that results in an envy-free
contiguous allocation of a divisible cake. In outline, the
protocol works as follows. A referee holds a sword over
the cake. Each of the three agents holds their own knife
over the portion of the cake to the right of the sword. Each
agent positions their knife so that the portion to the right
of the sword is divided into pieces they judge to have the same value. Now, initially, the sword is at
the le� end of the cake and then starts moving at constant speed from le� to right, while the agents
continuously move their knives to keep dividing the right-hand portion into equally-valued pieces.
At some point (when the le�-most piece becomes valuable enough), one of the agents shouts “cut”,
and the cake will be cut twice: once by the sword, and once by the middle one of the three knives.
Agents shout “cut” as soon as the le� piece is a highest-valued piece among the three. �e agent
who shouts receives the le� piece. �e remaining agents each receive a piece containing their knife.
One can check that the resulting allocation is envy-free, since the agent receiving the le� piece
prefers it to the other pieces, and the other agents who are not shouting receive at least half the
value of the part of the cake to the right of the sword.

Let G be a path, P = (�1,�2, . . . ,�m). �ere are several di�culties in translating Stromquist’s
continuous procedure to the discrete se�ing for G. First, agents need to divide the piece to the

9

1 2

3

4

5 6 1 2

3

4

5

6 7 1

2

3

4

5

6

7 1 2

3 4

5 6

7 8

Fig. 2. Block decompositions of graphs in Figure 1.

B1 and B2 be the leaf blocks at the ends of the path B(G). Take any s 2 B1 and t 2 B2. If we add the
edge {s, t} to G, then the graph becomes biconnected. Hence, G admits a bipolar numbering. ⇤

Even and Tarjan [1976] provided a linear-time algorithm based on depth-�rst search to construct
a bipolar numbering for any biconnected graph [see also Tarjan, 1986]. Using an algorithm by
Hopcro� and Tarjan [1973] (also based on depth-�rst search), we can calculate the block tree B(G)
of a given graph in linear time. �us, in linear time, we can compute a bipolar numbering of a
graph whose block tree is a path, or establish that no bipolar numbering exists. Clearly, given a
bipolar numbering, the discrete cut-and-choose protocol can also be run in linear time.
Next, we show that if B(G) is not a path, then G cannot guarantee EF1. �e proof constructs

explicit counter-examples, which have a very simple structure. We say that additive valuations ui
are binary if ui ({�}) 2 {0, 1} for every � 2 V .

L���� 3.7. Let G be a connected graph whose block tree B(G) is not a path. �en there exist
identical, additive, binary valuations over G for two agents such that no connected allocation is EF1.

P����. If B(G) is not a path, then B(G) has a trident, i.e., a vertex with at least three neighbors,
and thus either

(a) there is a cut vertex s adjacent to three blocks B1, B2, and B3; or
(b) there is a block B adjacent to three di�erent cut vertices s1, s2, and s3.

See Figure 3 for an illustration. In either case, we will construct identical additive valuations that
do not admit a connected EF1 allocation.

B2

B1 B3

(a) A cut vertex adjacent to three blocks

BB1 B3

B2

(b) A block adjacent to three cut vertices

Fig. 3. Tridents.

In case (a), for each i = 1, 2, 3, choose a vertex �i from Bi \ {s}. Note that we can choose such
�i , s due to the maximality of Bi . �e two agents have utility 1 for s , �1, �2, and �3, and 0 for the
remaining vertices. Now take any connected allocation (I1, I2). One of the bundles, say I1, includes
the cut vertex s . �en I2 can contain at most one of the vertices �1, �2, �3, since I2 is connected and
does not contain s yet any path between distinct �i and �j goes trough s . Hence ui (I2) 6 1. Now,
the bundle I1 contains s and at least two of �1, �2, �3, so ui (I1) > 3. �us, the allocation is not EF1.
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Stromquist’s Moving-Knife

In case (b), for each i = 1, 2, 3, let Bi be the block sharing the cut vertex si with B. Note that each
pair of the blocks B1,B2,B3 does not share any cut vertex because B(G) forms a tree. Choose a
vertex �i from Bi \ {si } for each i = 1, 2, 3. Again, one can choose �i , si due to the maximality of
Bi . �e two agents have utility 1 for s1, s2, s3, �1, �2, and �3, and 0 for the remaining vertices. Now
take any connected allocation (I1, I2). One of the bundles, say I1, contains at least two cut vertices
si and the other contains at most one cut vertex si . Say that s1, s2 2 I1. Now, G \ {s1, s2} has three
connected components, and since I2 is connected, it must be contained in of these components.
But each component contains at most two vertices with utility 1, so ui (I2) 6 2. Since there are six
vertices with utility 1 in total, ui (I1) > 4. �us, the allocation is not EF1. ⇤

Combining these results, we obtain the promised characterization.

T������ 3.8. �e following conditions are equivalent for every connected graph G:
(1) G admits a bipolar numbering.
(2) G guarantees EF1 for two agents.
(3) G guarantees EF1 for two agents with identical, additive, binary valuations.
(4) �e block tree B(G) is a path.

P����. �e implication (1) ) (2) follows from Proposition 3.3 which shows that the discrete
cut-and-choose protocol yields a connected EF1 allocation when run on a bipolar numbering. �e
implication (2) ) (3) is immediate. �e implication (3) ) (4) follows from Lemma 3.7 which
proves the contrapositive. Finally, (4) ) (1) follows from Lemma 3.6. ⇤

�e equivalence (2) , (3) is noteworthy and perhaps surprising: It is o�en easier to guarantee
fairness when agents’ valuations are identical, yet in terms of the graphs that guarantee EF1 for
two agents, there is no di�erence between identical and non-identical valuations. Intriguingly,
even for more than two agents, we do not know of a graph which guarantees EF1 for identical
valuations, but fails it for non-identical valuations.

4 EF1 EXISTENCE FOR THREE AGENTS: A MOVING-KNIFE PROTOCOL

!! !!

L M R
We will now consider the case of three agents. Stromquist
[1980] designed a protocol that results in an envy-free
contiguous allocation of a divisible cake. In outline, the
protocol works as follows. A referee holds a sword over
the cake. Each of the three agents holds their own knife
over the portion of the cake to the right of the sword. Each
agent positions their knife so that the portion to the right
of the sword is divided into pieces they judge to have the same value. Now, initially, the sword is at
the le� end of the cake and then starts moving at constant speed from le� to right, while the agents
continuously move their knives to keep dividing the right-hand portion into equally-valued pieces.
At some point (when the le�-most piece becomes valuable enough), one of the agents shouts “cut”,
and the cake will be cut twice: once by the sword, and once by the middle one of the three knives.
Agents shout “cut” as soon as the le� piece is a highest-valued piece among the three. �e agent
who shouts receives the le� piece. �e remaining agents each receive a piece containing their knife.
One can check that the resulting allocation is envy-free, since the agent receiving the le� piece
prefers it to the other pieces, and the other agents who are not shouting receive at least half the
value of the part of the cake to the right of the sword.

Let G be a path, P = (�1,�2, . . . ,�m). �ere are several di�culties in translating Stromquist’s
continuous procedure to the discrete se�ing for G. First, agents need to divide the piece to the
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Discrete moving-knife protocol for n = 3 agents over a sequence P = (�1,�2, . . . ,�m):
An agent i 2 N is a shouter if L is best among L,M,R, so that ui (L) > ui (M) and ui (L) > ui (R).
Step 1. Initialize ` = 0 and set r so that �r is the median lumpy tie over the subsequence P(�2,�m).

Initialize L = ;,M = {�2,�3, . . . ,�r�1}, and R = {�r+1,�r+2, . . . ,�m}.
Step 2. Add an additional item to L, i.e., set ` = ` + 1 and L = {�1,�2, . . . ,�`}.

If no agent shouts, go to Step 3. If some agent sle� shouts, sle� receives the le� bundle L.
Allocate the remaining items according to Lumpy(N \ {sle�},�r , P(�`+1,�m)).

before �` �r

L M R

a�er �` �r

L M R

sle� divided among the remaining agents

Step 3. Delete the le�-most point of the middle bundle, i.e., setM = {�`+2,�`+3, . . . ,�r�1}.
If the number of shouters is smaller than two, go to Step 4. If at least two agents shout, we
show (next page) that there is a shouter s who is a middle agent over P(�`+1,�m). �en,
allocate L to a shouter sle� distinct from s . Let the agent c distinct from s and sle� choose
his preferred bundle among {�`+1} [M and {�r } [ R. Agent s receives the other bundle.

before �` �r

L M R

a�er �` �r

L M R

sle� s or c s or c

Step 4. If �r is the median lumpy tie over P(�`+2,�m), directly move to the following cases (a)–(d).
If�r is not the median lumpy tie over P(�`+2,�m), set r = r +1,M = {�`+2,�`+3, . . . ,�r�1},
and R = {�r+1,�r+2, . . . ,�m}; then, consider the following cases (a)–(d).
(a) If at least two agents shout, �nd a shouter s who did not shout at the previous step. If

there is a shouter sle� who shouted at the previous step, sle� receives L; else, give L to
an arbitrary shouter sle� distinct from s . �e agent c distinct from s and sle� choose
his preferred bundle among {�`+1} [M and {�r } [ R, breaking ties in favor of the
former option. Agent s receives the other bundle.

(b) If �r is the median lumpy tie over P(�`+2,�m) and only one agent sle� shouts, give
L [ {�`} to sle� and allocate the rest according to Lumpy(N \ {sle�},�r , P(�`+2,�m)).

(c) If �r is the median lumpy tie over P(�`+2,�m) but no agent shouts, go to Step 2.
(d) Otherwise �r is not the median lumpy tie over P(�`+2,�m): Repeat Step 4.

before �` �r

L M R

a�er �` �r

L M R

4(a) sle� s or c s or c

4(b) sle� divided by the remaining agents
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Sperner’s Lemma: Simplex

�us, the allocation returned by any of the steps satis�es EF1.
Our algorithm can be implemented in O(m) time: Each of steps 2, 3, and 4 will be executed at

mostm times (since ` and r can only be incrementedm times). Each step execution only needs
constant time: In each step, we need to check which agents shout, and this can be done in a constant
number of queries to agents’ valuations; also, in Step 4 we need to calculate the lumpy ties of the
agents, but this can be done in amortized constant time, since during the execution of the algorithm,
the position of each agent’s lumpy tie can only move to the right. Finally, when enough agents
shout, we can clearly compute and return the �nal allocation in O(m) time. ⇤

5 EF2 EXISTENCE FOR ANY NUMBER OF AGENTS
For two or three agents, we have seen algorithms that are guaranteed to �nd an EF1 allocation on
a path (and on traceable graphs). Both algorithms were adaptations of procedures that identify
envy-free divisions in the cake-cu�ing problem. For the case of four or more agents, we face a
problem: there are no known procedures that �nd connected envy-free division in cake-cu�ing if
the number of agents is larger than three. However, in the divisible se�ing, a non-constructive
existence result is known: Su [1999] proved, using Sperner’s lemma, that for any number of agents,
a connected envy-free division of a cake always exists. One might try to use this result as a black
box to obtain a fair allocation for the indivisible problem on a path: Translate an indivisible instance
with additive valuations into a divisible cake (where each item corresponds to a region of the cake),
obtain an envy-free division of the cake, and round it to get an allocation of the items. Suksompong
[2017] followed this approach and showed that the result is an allocation where any agent i’s envy
ui (A(j)) � ui (A(i)) is at most 2umax, where umax is the maximum valuation for a single item.

In this section, rather than using Su’s [1999] result as a black box, we directly apply Sperner’s
lemma to the indivisible problem. �is allows us to obtain a stronger fairness guarantee: We show
that on paths (and on traceable graphs), there always exists an EF2 allocation.5 An allocation is EF2
if any agent’s envy can be avoided by removing up to two items from the envied bundle. Again, we
only allow removal of items if this operation leaves a connected bundle. For example, on a path,
if agent i envies the bundle of agent j, then i does not envy that bundle once we remove its two
endpoints. �e formal de�nition for general graphs is as follows.

De�nition 5.1 (EF2: envy-freeness up to two outer goods). An allocation A satis�es EF2 if for any
pair i, j 2 N of agents, either |A(j)| 6 1, or there are two goods u,� 2 A(j) such that A(j) \ {u,�} is
connected and ui (A(i)) > ui (A(j) \ {u,�}).

;, ;,abcd ;,a,bcd ;,ab, cd ;,abc,d ;,abcd, ;

a, ;,bcd a,b, cd a,bc,d a,bcd, ;

ab, ;, cd ab, c,d ab, cd, ;

abc, ;,d abc,d, ;

abcd, ;, ;

Fig. 4. Connected partitions form a subdivided simplex

Let us �rst give a high-level illustration
with three agents of how Sperner’s lemma
can be used to �nd low-envy allocations.
Given a path, say P = (a,b, c,d), the fam-
ily of connected partitions of P can naturally
be arranged as the vertices of a subdivided
simplex, as in Figure 4 on the right. For each
of these partitions, each agent i labels the cor-
responding vertex by the index of a bundle
from that partition that i most-prefers. For
example, the top vertex will be labelled as “in-
dex 1” by all agents, since they all most-prefer
the le�-most bundle in (abcd, ;, ;). Now,

5To see that EF2 is a stronger property than bounding envy up to 2umax, consider a path of four items and two agents with
additive valuations 1–10–2–1. �e allocation (1, 10–2–1) is not EF2, but the �rst agent has an envy of 12 < 20 = 2umax.
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Sperner’s Lemma
1
2 1 3

2 2 5
2 · · · · · · m + 1

2

A1 �1 �2 �3

A2 �1 �2 �3

A3 �1 �2 �3

A4 �1 �2 �3

B1 B2 B3 B4

A⇤ �1 �2 �3

Fig. 5. Example of the Sperner sequence A1, . . . ,A4 for n = 4, as well as the derived partition A⇤. Vertical
lines indicate the positions x1i ,x

2
i ,x

3
i of the knives, i = 1, . . . , 4. Shaded in gray, for i = 1, . . . , 4, is the bundle

I
�(i)
i selected by agent i as their favorite bundle in Ai ; here �(1) = 2,�(2) = 1,�(3) = 4,�(4) = 3.

j 2 [n � 1], the item �
j is placed in bundle I j+1⇤ in case (a) above, and it is placed in bundle I j⇤ in case

(b). So the resulting partition is well-de�ned: every item is allocated to exactly one bundle.

An EF2 allocation. We �rst show that the partition (I 1⇤ , I 2⇤ , . . . , In⇤ ) is such that agents’ expectations
about the value of the bundles I j⇤ are approximately correct (namely, correct up to two items):

ui (I j⇤) > ui (I ji ) > ui (B j ) for every agent i 2 [n] and every j 2 [n]. (5.5)

�is follows by monotonicity of ui , since I j⇤ = I
j
1 [ · · · [ I

j
n ◆ I

j
i ◆ B

j by (5.4).
Now, based on the partition, we can de�ne an allocationA⇤ byA⇤(i) = I

�(i)
⇤ for each agent i 2 [n].

�us, each agent i receives the bundle in the complete partition corresponding to i’s most-preferred
index �(i). We prove that A⇤ satis�es EF2: For any pair i, j 2 [n] of agents, we have

ui (A⇤(i)) = ui (I�(i)⇤ ) > ui (I�(i)i ) by (5.5)

> ui (I�(j)i ) by (5.3)

> ui (B�(j)) by (5.5)

= ui (A⇤(j) \ {� j�1,� j }). by (5.4)

Hence, we have proved the main result of this section:

T������ 5.4. On a path, for any number of agents with monotone valuation functions, a connected
EF2 allocation exists.

6 EF1 EXISTENCE FOR FOUR AGENTS
We have seen that Sperner’s lemma can be used to show EF2 existence for any number of agents.
Why does our proof in the previous section only establish EF2, and not EF1? �e reason is that
agents’ expectations about the contents of a bundle might di�er by up to two goods from what the
bundle will actually contain. In the notation of the previous section, an agent i may be presented
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Identical Valuations

I
i

I
j�1

I
j

Fig. 6. If i envies j even up to one good, Algorithm 1 takes an item out of bundle I j and moves it in i’s direction.

Algorithm 1 LEXIMIN-TO-EF1
Input: a path P = (�1,�2, . . . ,�m), and identical valuations
Output: an EF1 connected allocation of P
1: Let A = (I 1, . . . , In) be a leximin allocation of P
2: Fix an agent i with minimum utility in A, i.e., u(I i ) 6 u(I j ) for all j 2 [n]
3: for j = 1, . . . , i � 1 do
4: if i envies I j even up to one good, i.e., u(I i ) < u

�(I j ) then
5: repeatedly delete the right-most item of I j and add it to I j+1 until u(I i ) > u

�(I j )
6: end if
7: end for
8: for j = n, . . . , i + 1 do
9: if i envies I j even up to one good, i.e., u(I i ) < u

�(I j ) then
10: repeatedly delete the le�-most item of I j and add it to I j�1 until u(I i ) > u

�(I j )
11: end if
12: end for
13: return A

T������ 7.1. For identical valuations on a path, Algorithm 1 �nds an EF1 allocation.

P����. For an allocation A = (I 1, . . . , In), write uL(A) := minj 2N u(I j ) for the minimum utility
obtained in A, and write L(A) := {j 2 [n] : u(I j ) = uL(A)} for the set of agents (losers) who
obtain this utility. For the leximin allocation Aleximin obtained at the start of the algorithm, write
u
⇤
L := uL(Aleximin) and L⇤ := L(Aleximin). Note that by leximin-optimality, for every allocation A we
must have uL(A) 6 u

⇤
L , and if uL(A) = u

⇤
L then |L(A)| > |L⇤ |. Let i 2 L

⇤ be the agent �xed at the
start of the algorithm, and recall the de�nition of u� from (2.1).

Claim 1. �roughout the algorithm, uL(A) = u⇤L and L(A) = L
⇤.

�e claim is true before we start the for-loops. Suppose the claim holds up until some iteration
of the �rst for-loop, and we now move an item from I

j to I j+1, obtaining the new bundles I jnew and
I
j+1
new in the new allocation Anew. �en u(I jnew) > u

�(I j ) > u(I i ) = u
⇤
L , where the strict inequality

holds by the if- and until-clauses. Since no agent other than j has become worse-o� in Anew, it
follows that uL(Anew) > uL(A) = u⇤L . As noted, by optimality of u⇤L , we have uL(Anew) 6 u

⇤
L . Hence

uL(Anew) = u
⇤
L . �us, by optimality of L⇤, we have |L(Anew)| > |L⇤ |. Because agent j has not

become a loser (sinceu(I jnew) > u
⇤
L as shown before) and no other agent has become a loser, we have

L(Anew) ✓ L(A) = L
⇤. �us L(Anew) = L

⇤, as required. �e second for-loop is handled similarly.
Claim 2. A�er both for-loops terminate, agent i does not envy any agent up to one good.
For any j , i , agent i does not envy j up to one good immediately a�er the relevant loop has

handled j, and at no later stage of the algorithm does I j change.
It follows that the allocation A returned by the algorithm is EF1: By Claim 1, we have i 2 L(A),

so that u(I j ) > u(I i ) for all j 2 [n]. By Claim 2, agent i does not envy any other agent up to one
good, so that u(I i ) > u

�(Ik ) for all k 2 [n]. Hence, for all j,k 2 [n], we have u(I j ) > u
�(Ik ), that is,

no agent envies another agent up to one good. ⇤

22

I
i

I
j�1

I
j

Fig. 6. If i envies j even up to one good, Algorithm 1 takes an item out of bundle I j and moves it in i’s direction.

Algorithm 1 LEXIMIN-TO-EF1
Input: a path P = (�1,�2, . . . ,�m), and identical valuations
Output: an EF1 connected allocation of P
1: Let A = (I 1, . . . , In) be a leximin allocation of P
2: Fix an agent i with minimum utility in A, i.e., u(I i ) 6 u(I j ) for all j 2 [n]
3: for j = 1, . . . , i � 1 do
4: if i envies I j even up to one good, i.e., u(I i ) < u

�(I j ) then
5: repeatedly delete the right-most item of I j and add it to I j+1 until u(I i ) > u

�(I j )
6: end if
7: end for
8: for j = n, . . . , i + 1 do
9: if i envies I j even up to one good, i.e., u(I i ) < u

�(I j ) then
10: repeatedly delete the le�-most item of I j and add it to I j�1 until u(I i ) > u

�(I j )
11: end if
12: end for
13: return A

T������ 7.1. For identical valuations on a path, Algorithm 1 �nds an EF1 allocation.

P����. For an allocation A = (I 1, . . . , In), write uL(A) := minj 2N u(I j ) for the minimum utility
obtained in A, and write L(A) := {j 2 [n] : u(I j ) = uL(A)} for the set of agents (losers) who
obtain this utility. For the leximin allocation Aleximin obtained at the start of the algorithm, write
u

⇤
L := uL(Aleximin) and L⇤ := L(Aleximin). Note that by leximin-optimality, for every allocation A we
must have uL(A) 6 u

⇤
L , and if uL(A) = u

⇤
L then |L(A)| > |L⇤ |. Let i 2 L

⇤ be the agent �xed at the
start of the algorithm, and recall the de�nition of u� from (2.1).
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�e claim is true before we start the for-loops. Suppose the claim holds up until some iteration
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L , where the strict inequality
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⇤, as required. �e second for-loop is handled similarly.
Claim 2. A�er both for-loops terminate, agent i does not envy any agent up to one good.
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It follows that the allocation A returned by the algorithm is EF1: By Claim 1, we have i 2 L(A),
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EF1 + MMS

All of our existence arguments produce allocations 
that are also MMS!

Plausible guess: EF1 => MMS?

No: consider 3—1—1—1—3, and the EF1 allocation 
(3—1, 1, 1—3).

Can show: EF1 => 1/3-MMS.

(Without connectivity, EF1 => 1/n-MMS [EC-16])
!25



PO + EF1

0 0 0 1 1 0 0 0

1 1 1 0 0 1 1 1

On paths, NP-hard to decide whether a  
PO + EF1 allocation exists

there is bigger example

where 1’s form intervals  ∈ Σp
2

!26

There are instances where no EF1 allocation is Pareto-optimal:



Future Directions

Same thing for chores

Existence for n > 4

Complexity of finding EF1/EF2

Restricted utility classes

Local envy-freeness: only envy bundles next to 
yours
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