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. Finite set of indivisible items

Agents have preferences over bundles of 1tems

- always monotone usually add1t1ve

&+ Goal Allocate items to agents

| ;ltems are arranged in a graph only allowed to hand out
;:connected bundles |




Fazr Dzvzszon of a Graph - = |
I]CAI 17 Bouveret Cechlarova Elkznd Igamshz andP

E NP complete to dec1de ex1stence of envy-free or
e prOpcrtlonal allocat1ons even on a path

B 'Tractable if there are few player types *

:For a star proport1ona11ty is easy, but envy-free is hard
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Proportlonahty on paths XP Wrt # of types

Dynamic programmmg ”Does there exist an allocat10n of the first q
1tems such that h players of type iare happy7”

- fProport1ona11ty on paths FPT Wrt # of playel‘S

- Dynamlc programmmg and matchmg

B ,__Envy-free on paths XP Wrt # of types
| "’-In an envy-free solution, all players of the same type need to have the &

;. same ut111ty Guess each type S ut1I1ty (there are only ( > optlons)
Then dynam1c programmmg = - |




The maximinsh’areef aplayeris

mmsz(l = max min u; (Pj)a
A . (P1,.. o Pr)€ll, jE[n] -
Intuition: Cut into n pieces, choose last.

. : An MMS allocat1on must give each player ut111ty rrrmsi

. '“?'__;Due to Budlsh [2011] Need not ex1st for general graphs

"[Kurokawa et a1 EC 14 AAAI- 16 ]ACM 18].

vMax1m1se over Cormected partltlons only => MMS5 values

= *smaller than normal

- . Adaptatlen of a movmg knife protocol produces an allocatlon -
B where every player recelves at least the1r MMS share.

*'5



Algonthm also useful for a-MMS
m standard settmg [Ghods1 et al., EC-18]

MMS need not ex1st ona cycle [I]CAI 17] A'
but appr0x1mat10ns exist [Long & Truszczynskl JCAI-18]
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. An allocation is envy free i u.<B-)‘ > u(B) for all ij.

Envy freeness need not ex1st == Relaxat10r1s7
Budlsh [2011] proposes envy- freeness up to one good | !
% For each 1,], there iso€ B w1th M(B) Z M(B\{O})

Wlthout connectlvrty constramts EF1 always ex1sts
% Envy graph algor1thm due to Llpton et al. [EC-04]
- . Reund robm procedure [Caraglanms et al EC- 16]

* Max1mum N ash Welfare [Carag1ar1ms et al., EC-16]




j » We show that EFl ex1sts on a path

» when there are 2 agents (cut-and Choose)
- when there are 3 agents (Stromqulst S procedure)
| | W’When there are 4 agents (Sperner s lemma)
. W',when Valuatlons are 1dent1cal ¢ 1ex1m1n)
| % By Sperner S lemma EF2 always exists
% EX1stence extends to graphs W1th Hamiltonian path

. Ex1stence does not requlre add1t1ve Valuat1ons . =




* EFX does not ex1st
Cons1der2 3 1 3

Can try to get EFl by roundmg a fractlonal
| FF a110cat10n but this approach only g1ves
EFl f()r bmary add1t1ve Valuatlons




' Divisibleeake‘:'. 2 Bob chooses preferred

p1ece and receives it

1 Ahce d1V1des the cake mto
two equally Valued p1eces E

& 3. Alice receives other piece
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- Bob selects e1ther the left or r1ght p1ece
, % Alice reCeives v and theremaining piece } 'A

Works for all traceable graphs: » :
- any others? '







| THEOREM 3. 8 The followmg condztlons are equlvalent for every connected graph G:

(1) G admzts a blpolar numberlng
2) G guarantees EF1 for two agents ,
(3 ) G guarantees EFI for two agents wzth zdentlcal addltwe binary valuatlons

(a) Al_cd’.c'vierte”x adjac.entj_‘-cd three blocks . (A blb'c_k adjacent to three cut vertices _;

~ Fig. 3. Tridents.
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sword  each player cuts remainder in half

o ' "‘playe"l;__'shouts ifL-fis better than M and R =




Discrete moving-knife protocol for n = 3 agents over a sequence P = (v1, V3, ..., Up):
An agent i € N is a shouter if L is best among L, M, R, so that u;(L) > u;(M) and u;(L) > u;(R).

Step 1. Initialize € = 0 and set r so that v, is the median lumpy tie over the subsequence P(vz, vy,).
Initialize L = 0, M = {vy,v3,...,0,_1}, and R = {Up41,Ups2, ..., Um }.
Step 2. Add an additional item to L, i.e,set { =€+ 1 and L = {vy,v,,...,0¢}.
If no agent shouts, go to Step 3. If some agent si.;; shouts, si receives the left bundle L.
Allocate the remaining items according to Lumpy(N \ {sies }, 07, P(Vg+1, Um)).
—L M R
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Sleft divided among the remaining agents

Delete the left-most point of the middle bundle, i.e., set M = {vgy2, Vpss3, ..., Ur—1}-

If the number of shouters is smaller than two, go to Step 4. If at least two agents shout, we

show (next page) that there is a shouter s who is a middle agent over P(vs41, vy,). Then,

allocate L to a shouter s distinct from s. Let the agent ¢ distinct from s and s choose

his preferred bundle among {v¢41} UM and {v,} U R. Agent s receives the other bundle.
L M R

before | O—O—O—1-O—C0O—0O-—O0O700"0—"0-"70

L

=001+ 0000 701-0-—-0—00

Sleft sorc sorc

Step 4. If v, is the median lumpy tie over P(v¢42, U ), directly move to the following cases (a)—(d).
If v, is not the median lumpy tie over P(vgig, Uyy), setr = r+1, M = {vp42, Vpsss o ., Ur—1},
and R = {v;11,Ur42; - . ., U }; then, consider the following cases (a)—(d).

(a) If at least two agents shout, find a shouter s who did not shout at the previous step. If
there is a shouter s who shouted at the previous step, sjef receives L; else, give L to
an arbitrary shouter sjq distinct from s. The agent c distinct from s and sje choose
his preferred bundle among {v/.1} U M and {v,} U R, breaking ties in favor of the
former option. Agent s receives the other bundle.

(b) If v, is the median lumpy tie over P(v¢42, vp,) and only one agent s shouts, give
L U {v} to sieqr and allocate the rest according to Lumpy(N \ {seft}, v, P(Ve12, Um)).

(c) If v, is the median lumpy tie over P(vg.2, vp,) but no agent shouts, go to Step 2.

(d) Otherwise v, is not the median lumpy tie over P(v¢42, vy ): Repeat Step 4.

L : M R
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L

divided by the remaining agents



















5 abé,-@,d' = gibg,vd,(b
ab ¢, d—— ab, cd, 0

/ <

a,bed, )

' 0.0.abed — 0.a,bed—— 0, ab,cd —— 0, abe, d —— 0, abed, 0
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Algorlthm 1 LEXIMIN-TO EF1

Input a path P= (vl, Vs, .. vm) and identical Valuatlons
Output an EF1 connected allocatlon of P ‘
1. Let A=(I%,...,I") be a leximin allocation of P : S
Fix an agent i W1th minimum ut111ty in A, i.e., u(I ’) I__u_(llj ) for all j [[h]
forj=1,...,i—1do
if i envies IJ even up to one good ie., u(l') <u (IJ ) then
repeatedly delete the right-most item of I/ and add it to I/ Hantil w(I') CA@)
end if
end for
forj=n,...,i+ 1 do
- if i envies IJ even up to one good, i.e., u(I') < u” (I’) then
' repeatedly delete the le IZtﬂost item of I and add it to P! until u(I B [2A(P)
~endif
: end fo_r e
. return A

O SO ey




Al of our ex1stence arguments produce allocat1ons
that are also MMS' " '

: No cons1der3 1 1 1 3 and the EFl allocatlon
(3—1 1 1—3)

: Can show EFl —-> 1 / 3 MMS

,, (Wlthout connect1v1ti EFl = 1 / n—MMS [EC 16])
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= ‘;On paths P hard to dec1de Whether a
e PO + EFl allocatlon ex1sts
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¢+ Same thing for chores

| + Existenceforn>4

| Complex1ty Of fmdmg EFl / EFZ

R Restr1cted ut111ty classes

Local envy-freeness only envy bundles next to
YOUl‘ S S -




