Proportional Aggregation of Preferences for Sequential Decision
Making

NIKHIL CHANDAK, Max Planck Institute for Intelligent Systems, Tiibingen AI Center, Germany
SHASHWAT GOEL, Max Planck Institute for Intelligent Systems, ELLIS Institute Tiibingen, Germany
DOMINIK PETERS, CNRS, LAMSADE, Université Paris Dauphine - PSL, France

We study the problem of fair sequential decision making given voter preferences. In each round, a decision rule must choose a
decision from a set of alternatives where each voter reports their approved alternatives. Instead of going with the most popular
choice in each round, we aim for proportional representation across rounds, using axioms inspired by the multi-winner
voting literature. The axioms require that every group of a% of the voters that agrees in every round (i.e., approves a common
alternative), must approve at least a% of the decisions. A stronger version of the axioms requires that every group of a% of
the voters that agrees in a f fraction of rounds must approve - a% of the decisions. We show that three attractive voting
rules satisfy axioms of this style. One of them (Sequential Phragmén) makes its decisions online, and the other two satisfy
strengthened versions of the axioms but make decisions semi-online (Method of Equal Shares) or fully offline (Proportional
Approval Voting). We present empirical results for these rules based on synthetic data and U.S. political elections. We also run
experiments using the moral machine dataset about ethical dilemmas: We train preference models on user responses from
different countries and let the models cast votes. We find that aggregating these votes using our rules leads to a more equal
utility distribution across demographics than making decisions using a single global preference model.
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1 Introduction

We consider the problem of making a sequence of independent decisions via voting. In each round, we can choose
one alternative from a set of several alternatives, based on voters who tell us which alternatives they support
(or approve). The set of voters stays the same across rounds, though the set of alternatives may change. The
“standard” way of making such decisions is to take the alternative with the most supporters in each round. A
problem with this method is that non-majority groups of voters may have very little influence on the outcomes.
For example, if there is a fixed group of 51% of the voters who all report the same opinion in every round, then
100% of the decisions will be taken in accordance with the wishes of that group, with the other 49% of voters
ignored or at most acting as tie-breakers. In many contexts, this is undesirable due to fairness concerns.
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Following recent work that studies this model under the name “perpetual voting” (Lackner 2020), we define
formal properties of voting rules that capture the intuition that a group of a% of the voters should be able
to control the decisions in a% of the rounds. Inspired by work in multi-winner approval voting (Lackner and
Skowron 2023), we then define a number of voting rules that satisfy these properties. We believe that these rules
have promising applications in a variety of domains. Here are some examples:

« Hiring decisions: Consider a department that hires new faculty each year, with existing faculty voting over
the applicants. The department wishes to hire people representing its spectrum of research interests. For
example, if 20% of the department works on one topic and votes for a candidate on that topic, then at least
1 such candidate should be hired every 5 years.

Virtual democracy: In cases where a group of people need to make an extremely large number of decisions,
we may wish to automate this process. An approach known as virtual democracy does this by initially
learning voters’ preferences over a space of potential alternatives (specified by feature vectors) for example
based on pairwise comparisons. Then, each decision is made by letting the models vote on the decision
maker’s behalf by predicting their preferences. This approach has led to proof-of-concept systems that
automate moral decisions faced by autonomous vehicles (Noothigattu et al. 2018), kidney exchanges
(Freedman et al. 2020), collective decision making directly from natural language preferences (Mohsin et al.
2021) and allocation of food donations (Lee et al. 2019). The approach behind these systems has recently been
criticized as overweighting the opinions of majorities (Feffer et al. 2023). We show preliminary evidence in
our experiments that using proportional voting methods could avoid this issue.

Combining the outputs of sequence models: Modern large language models (LLMs) operate in rounds, in each
round suggesting a probability distribution over tokens. We could view these distributions as preferences
over tokens, and use proportional methods to mix several LLMs together, potentially allowing for fine-
grained customization to user preferences, or aiding in drafting compromise documents. D. Peters (2024)
discusses this use case in detail.

Policy decisions of coalition governments: In many countries, the government is formed by coalitions of
several parties with different strengths (for example, in Germany 2021-25 it consists of 3 parties who
received 26%, 15%, and 12% of the vote). A coalition needs to agree on a program, consisting of decisions
on many issues. Our methods could help to design a program where each party’s preferences gets a fair
representation in the outcome.

The parliamentary approach to moral uncertainty: An agent may have moral uncertainty, and be unsure
which of several moral theories is right. Bostrom (2009) has suggested that an agent could decide on what
actions to take given this uncertainty by imagining how the decision would be made by a parliament in
which each moral theory is represented according to the agent’s credence in the theory. The idea is that the
representatives in the imaginary parliament would deliberate, bargain, and vote, and thereby reach good
compromise decisions (Greaves and Cotton-Barratt 2023; Newberry and Ord 2021). While the philosophical
literature discusses using simple proportional voting methods (Newberry and Ord 2021), this work remains
preliminary. Proportional multi-issue voting rules may better reflect the work of a parliament that takes
many decisions.

Additional examples of applications mentioned in the literature include a company that donates some resources
to a charity each year and lets employees or customers voter over which charity to choose (Elkind, Obraztsova,
et al. 2025), or meal selection by a group of friends (Elkind, Neoh, et al. 2024), or electing a committee where only
part of the committee is replaced in each election (Elkind, Obraztsova, et al. 2024).

In many of these applications, the different issues are not completely separable, so our model may not be a
precise fit. However, when using online rules, the agents can adjust their reported preferences to take some
consistency properties into account.
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Table 1. Our results. For each setting (online, semi-online (where the rule only knows the total number of rounds in advance),
offline (where the rule knows all the preferences in advance)), we list the best known rule with respect to proportionality
axioms. * = knowing an online rule satisfying Weak EJR would resolve a major open problem in the theory of multi-winner
voting. T = no semi-online rule can satisfy EJR due to a result of Elkind, Obraztsova, et al. (2025, Proposition 7.4).

Voting Rule Weak PJR PJR  Weak EJR  EJR
Sequential Phragmén (Online) v v X* xT
Method of Equal Shares (Semi-online) v X v Xt
PAV (Offline) v v v ve

Our Results. We build on the work of Bulteau et al. (2021) who defined two axioms that guarantee group
representation. We call them PJR (Proportional Justified Representation) and Weak PJR. These axioms do not
require the groups to be pre-defined. Instead, the guarantee applies to all subsets of voters who support a common
alternative in some of the rounds, and the “weak” versions only apply if they support a common alternative
in all of the rounds. Bulteau et al. (2021) conjectured that no polynomial-time algorithm can find a Weak PJR
outcome. We show that the picture is more positive: an attractive polynomial-time voting rule building on ideas
of Phragmén (1894) satisfies PJR (Section 4.1). This rule is fully online, making decisions round by round.

We then define axioms called Weak EJR (Extended Justified Representation), which provide better group
representation guarantees than Weak PJR, and analogously EJR. We show that the existence of a fully online rule
that satisfies Weak EJR would positively resolve a major open problem in multi-winner approval voting (Lackner
and Skowron 2023). Still, we can define a simple voting rule (a variant of the “Method of Equal Shares”) that
satisfies Weak EJR and that is “semi-online”: it needs to know how many rounds there will be in total, but it can
be given preferences in an online fashion (Section 4.2). However, it does not satisfy PJR or EJR. This suggests
the question whether we can satisfy EJR in the offline setting, where all preferences are available in advance.
In Section 4.3, we show that Proportional Approval Voting (PAV), an offline rule that maximizes a carefully
chosen objective function proposed by Thiele (1895), does satisfy all our axioms, including EJR. While the PAV
optimization problem is NP-hard, we prove these results also hold for a polynomial-time local search variant of
PAV. Finally, in Section 5 we show that further strengthenings of the PJR/EJR axioms are not satisfiable, and that
on inputs where a solution exists, online rules still must fail them.

We close with several experimental results on synthetic (Section 6.1) and real datasets (Section 6.2), on which
we compare our rules to existing rules from the literature (which do not satisfy our axioms). In Section 6.3, we
study the virtual democracy application based on the moral machine dataset (Awad et al. 2018). We learn separate
preference models that predict the respondents’ judgement for each country and use each country’s model as a
‘voter’. We then sample new decision situations and query the models for their top choices among the alternatives
in each situation, aggregating the responses using our voting rules to produce a decision sequence. We compare
the decisions produced with training a single universal model on equal number of responses from all countries,
and taking its top choices as the decisions. We find that when voters do not already have very similar preferences
on the issues, the aggregation approach leads to much fairer outcomes than the decisions made by the combined
model.

2 Related Work

Perpetual Voting. Our work is closely related to perpetual voting (Lackner 2020) which studies online rules,
while we also consider offline rules. Lackner (2020) focused on individual fairness properties, for example requiring
that each voter approves at least 1 decision in every time interval of some bounded length. We are interested in
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guarantees for groups of voters who agree with each other, such that larger groups receive stronger guarantees.
Such guarantees have been considered by Lackner and Maly (2023) and Bulteau et al. (2021); we compare them to
ours in Section 3. Very recently, Phillips et al. (2025) proposed new axioms (FJR and EJR+) that strengthen our
axioms. Kozachinskiy et al. (2025) study the achievable egalitarian welfare in perpetual voting.

Public Decision Making. Conitzer et al. (2017) study “public decision making” which is an offline model of
several decisions, where a voter’s total utility is the sum of the utilities obtained in each round. We study the
special case where the utility values in each round are restricted to 0 and 1. Conitzer et al. (2017) focus on fairness
notions for individuals (not groups) derived from fair division. Freeman et al. (2020), Skowron and Goérecki (2022),
and Brill, Markakis, et al. (2023) consider the special case where there are exactly two alternatives (“yes/no”) in
each round and utilities are 0/1, which is a special case of our setting where fairness properties are easier to
obtain.

Repeated Portioning. In our model, we need to choose one alternative in each round. One could define a
fractional version of this model, where in each round, we choose a mixture of the available alternatives (formally,
a probability distribution or lottery over C)). In the single-round setting, finding a fair mixture has been considered
by several papers (Aziz, Bogomolnaia, et al. 2020; Bogomolnaia et al. 2005; Brandl et al. 2021; Fain et al. 2016).
For a multi-round setting with online decisions, this model is studied by Banerjee et al. (2023, Section 5) who
consider a proportional fairness objective and propose methods with good regret bounds.

Multi-winner Approval Voting. For the task of selecting a committee of exactly k out of m candidates given
approval votes (Lackner and Skowron 2023), proportionality has been intensely studied. Many axioms have been
proposed that formalize the idea that a% of the voters should be able to elect at least % - k of the committee
members (Aziz, Brill, et al. 2017; Brill and J. Peters 2023; D. Peters and Skowron 2020; Sinchez-Fernandez, Elkind,
et al. 2017). Voting rules proposed long ago by Thiele (1895) and Phragmén (1894) do very well with respect to
these axioms (Brill, Freeman, et al. 2023; Janson 2018). A more recent rule proposed by D. Peters and Skowron
(2020) known as the Method of Equal Shares combines some of the advantages of the Phragmén and Thiele
rules. Skowron, Lackner, et al. (2017) discuss adapting multi-winner rules to obtain “proportional rankings” of
alternatives, which can be seen as a sequential decision making problem. Many of the rules and axioms we
consider in this paper are analogues or generalizations of proposals from multi-winner voting.

Approval-based Apportionment. Brill, Golz, et al. (2022) considered a model where we need to assign k seats to
political parties, based on voters who submit approval sets over parties. This can be seen as a kind of multi-winner
election where candidates can be added to the committee several times (because a single party can receive multiple
seats). Alternatively, it can be seen as a special case of our model with k rounds, where the sets of alternatives
and all voters’ approval sets remain the same across all rounds. Being a special case of our model, some negative
results of Brill, Golz, et al. (2022) carry over to our model, notably that Sequential Phragmén fails Weak EJR and
that PAV is NP-hard to compute; we will mention these connections during our discussion.

Combinatorial Voting. A classic literature on voting in combinatorial domains (Lang and Xia 2016) studies the
problem of making decisions on several issues. The main focus is on the representation of complex preferences,
and the computational problem of finding good outcomes given such preferences, often in the sense of maximizing
utilitarian or egalitarian welfare (Amanatidis et al. 2015). Some of this work considers (conditional) approval
preferences (Barrot and Lang 2016; Barrot, Lang, and Yokoo 2017).

Additional related work can be found in the recent survey by Elkind, Obraztsova, et al. (2024).
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EJR

Weak EJR JR perpetual

T Weak PJR _/vh; pricezbility

Weak JR perpetual
lower quota
for closed groups
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for closed groups

Fig. 1. Implications between axioms. Perpetual priceability and (perpetual) lower quota for closed groups are discussed in
Appendix A. We focus on the axioms shown in bold.

3 Problem Formulation
3.1 Model

Let N = {1,2,...,n} be the set of voters, with |N| = n. There isa set R ={1,2,...,T} of T > 1 rounds, where T'is
the time horzzon In each round j € R, we are given a non-empty set of alternatwes Cj. Each voter i € N approves
some subset A of Cj (which we do not assume to be non-empty). Thus, we have a sequence of T decision rounds
together with a sequence C = (C}) e of alternative sets and a collection A = (A])zeN,]eR of approval sets. We
let (N, R,C, A) denote a decision instance.

A decision sequence D = (dy, ..., dr) € Cy x - x Cr specifies a single decision d; € C; for each round j € R. For

avoter i € N, we write U, = |{j € R : di € Al}| for the number of decisions in D that i approves; we treat UD as
i’s utility. A decision rule ftakes as 1nput a dec151on instance and returns a decision sequence D = f(N,R,C, A).
We call a decision rule semi-online if its decision in round j € R only depends on the time horizon T and on
information up to round j, i.e., on N, R, Cy, ..., Cj and Ail, e Aj A rule is online if in addition, the decisions are
independent of the time horizon T.

3.2 Axioms

We now define several properties (or axioms) of decision sequences that formalize the idea of proportional
representation. These come in different strengths and Figure 1 shows implication relationships between them.
We will focus on the four properties of (Weak) EJR and (Weak) PJR, shown in bold. For completeness, the figure
also mentions two properties introduced by Lackner and Maly (2023) (perpetual priceability and lower quota
compliance). We discuss these properties, as well as Pareto-efficiency, in Appendix A.

Our first two axioms were introduced by Bulteau et al. (2021)." A group S C N of voters agrees in round j € R if
there is an alternative ¢ € C; that all voters in S approve, so [ )ics Aﬁ- # @. Weak PJR (Weak Proportional Justified
Representation, first defined for multi-winner voting by Sanchez-Fernandez, Elkind, et al. 2017) requires that a

! We use different names for these axioms. Bulteau et al. (2021) say “all periods intersection PJR” for what we call Weak PJR, and say “some
periods intersection PJR” for what we call PJR.
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Round 1&2 3&4 5&6 7&8

Voter1 {a,b} {a,b} {a,b} {a,b}
Voter2 {a,c} {a,c} {a,c} {a,c}
Voter3  {d} {d} {d} {e}
Voter4  {d} {d} {d} {r}

Fig. 2. Example illustrating our axioms. Voters have the same approval set across the rounds specified in the column header.

group of an « fraction of the voters, if it agrees in every round, must be “happy” in at least |@T| rounds, meaning
that at least one member of S approves the decision (but this member of S can differ across rounds).

Definition 3.1 (Weak PJR). A decision sequence D satisfies Weak PR if for every £ € IN and every group of
voters S C N that agrees in every round and has size |S| > ¢ - '71,, there are at least £ rounds j € R in which the

decision d; of D is approved by some voter in S (i.e., d; € ( ;s A;).

Weak PJR only provides guarantees for groups that agree in all rounds. PJR also gives guarantees for groups
that agree only in some of the rounds, though the groups need to be larger: a group that agrees in (at least) k
rounds deserves to be happy with ¢ decisions if the size of the group is at least £ - % (as compared to ¢ - % for

groups that agree in all rounds).? Note that PJR implies Weak PJR (take k = T).

Definition 3.2 (PJR). A decision sequence D satisfies PR if for every k € {1,...,T}, every £ € N and every
group of voters S C N that agrees in k rounds and has size |S| > £ - % there are at least £ rounds j € R in which

the decision d; of D is approved by some voter in S (i.e., d; € ;s A;)

Note that a group’s entitlement ¢ is computed based on the number of rounds in which it agrees, but the ¢
rounds in which the group is satisfied need not come from the set of rounds where it agrees.

An equivalent way of stating the PJR axiom is that an « fraction of the voters who agree in a f fraction of
the rounds need to be “happy” with at least an « - ff fraction of the decisions, in the sense that there are at least
la - B - T|] decisions that are approved by at least one group member. For example, consider a group S € N of
voters with fixed size £ - LTI, and let us ask what PJR guarantees for this group. If S agrees in all rounds, then it says
that S should be happy with £ decisions. If S agrees in T /2 rounds, then it says that S should be happy with [%J
decisions. Thus, the guarantee provided to a group is proportional to the number of rounds in which the group
agrees. Yet another way to think about this axiom is to pretend that only the rounds in which S agrees exist, and
then apply Weak PJR to that situation, while allowing the group to be satisfied also by decisions in rounds where
it doesn’t agree.

To illustrate the axioms, consider the instance shown in Figure 2, with T = 8 rounds and 4 voters. The group
S = {1, 2} agrees in all rounds (always approving a). Thus, to satisfy Weak PJR, in at least £ = 4 rounds the
outcome needs to be either @, b, or ¢ (because |S| > £ - %). The group S’ = {3, 4} agrees in the first 6 rounds

(approving d), so with ¢’ = 3, because |S’| > ¢’ - %, PJR requires that in at least 3 rounds, the outcome is either
d,e,or f.

A weakness of Weak PJR and PJR is in how they define S being “happy” with a decision (“at least one member
of S approves the decision”). This definition can be satisfied by a decision sequence that gives each member
of S a utility that is much lower than ¢ (D. Peters and Skowron 2020, Sec. 4.2). In the example of Figure 2,

2Strengthening this axiom to only require the group size to be at least £ - % gives rise to an axiom that may be impossible to satisfy, see

Corollary B.2 in the appendix.

Journal of Artificial Intelligence Research, Vol. 85, Article 17. Publication date: February 2026.



Proportional Aggregation of Preferences for Sequential Decision Making « 17:7

the decision sequence (b, b, ¢, ¢, d, d, e, f) satisfies PJR, but the first two voters each only approve the
decision in 2 rounds, instead of in 4 rounds. Following Aziz, Brill, et al. (2017), we can fix this by defining the
axioms EJR (Extended Justified Representation) and Weak EJR which require that at least one member i of S
must approve at least £ of the decisions, i.e., must have utility U};) > {. In the example, the decision sequence
(d,d,d,d,a,a,a, a)satisfies EJR.

Definition 3.3 (Weak EJR). A decision sequence D satisfies Weak EJR if for every £ € IN and every group of
voters § C N that agrees in all rounds and that has size S| >€- %, there is a voter i € S who approves at least €
decisions in D, i.e., Up, > ¢.

Definition 3.4 (EJR). A decision sequence D satisfies EJR if for every k € {1,...,T}, every £ € IN and every
group of voters S C N that agrees in k rounds and has size |S| > ¢- %, there is a voter i € S who approves at least €
decisions in D, i.e., Up, > £.

In analogy to the multiwinner literature, we can also define the notions of JR and Weak JR, which are the
special cases of the PJR/EJR notions with £ = 1. These axioms are also discussed by Bulteau et al. (2021).

Definition 3.5 (Weak jJR). A decision sequence D satisfies Weak JR if for every S C N with |S| > % that agrees
in all rounds, there is a voter i € Swith Up, > 1.

Definition 3.6 (JR). A decision sequence D satisfies jR if for every k € {1, ..., T} and every S C N with |S| > %
that agrees in k rounds, there is a voter i € S with Uli) > 1.

These notions do not guarantee proportional representation since larger groups do not obtain higher guarantees,
but they do guarantee some minimal representation.

Elkind, Obraztsova, et al. (2025) studied the computational complexity of verifying whether a given decision
sequence satisfies a given axiom. They found that this problem is coNP-complete for each of the six axioms, except
that verifying Weak JR is tractable for binary issues, i.e., when in each round there are only two alternatives.

A decision rule f satisfies one of these axioms if for all possible inputs, the decision sequence selected by f
satisfies it. Note that if fis also online, this means that the proportionality guarantee thereby not only holds for
the entire decision sequence, but also for every prefix of it, if that prefix is considered as its own instance.

3.3 Methods

We now define three decision rules that are natural analogues of rules that were first proposed for multi-winner
elections: the Sequential Phragmén rule, the Method of Equal Shares, and Proportional Approval Voting. For all
the rules, our proportionality guarantees will apply no matter how ties are broken during their execution.

3.3.1 Sequential Phragmén. Phragmén (1894) proposed an approval-based voting method for electing members
of the Swedish parliament. Lackner and Maly (2023) adapted this rule to the context of perpetual voting, calling
their adaptation “perpetual Phragmén”. We follow their definition. The rule makes decisions round by round. Each
decision provides a value (or load) of 1, which is distributed to voters who approve the decision. In each round,
the rule chooses an alternative such that no voter ends up with too much load, thereby prioritizing voters who
do not yet agree with many prior decisions. Formally, each voter i starts with load x' = 0. Sequential Phragmén
chooses the alternative for which it can distribute a load of 1 in a way that minimizes the maximum total load
assigned to a voter: at each round j € R, we compute the following value for each alternative ¢ € C;:

. Ylies x+1
S = min <~ —
SCliEN :ceAl} S|
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‘ X1 | X | X3 | X | X | X | X7

Fig. 3. Load distribution

It is easy to see that the set S minimizing this quantity will consist of supporters of ¢ with lower current load
than the supporters outside S.

The value s, can be understood using a “water filling” analogy, as shown in Figure 3, where we consider an
alternative c approved by 7 voters, and show their current loads as bars. We then fill 1 unit of water on top of the
approving voters’ loads. Note that the water never falls on top of the loads of voters 5, 6, and 7 because their load
is already quite high; in other words, this process has only assigned load to the set S = {1, 2, 3, 4}. Then s, is the
“water line”, which is the load of each voter in S after the load of c has been assigned.3

The decision for round j € R is the alternative ¢ that minimizes s;, breaking ties arbitrarily. After making the
decision, we update loads by setting x* = s, for each voter i € S (where S is the coalition attaining the minimum
in the definition of s,) and leave x' unchanged for voters not in S. Note that the load of a voter will never decrease.

Clearly, Sequential Phragmén is an online rule. Lackner and Maly (2023) illustrate how the rule works using
a detailed example and show that it can be computed in polynomial time (via sorting approvers by load, then
scanning through prefixes of that ordering).

3.3.2  Method of Equal Shares (MES). MES is a recently introduced rule for multi-winner voting (D. Peters and
Skowron 2020) and also used in practice for participatory budgeting (D. Peters, Pierczynski, et al. 2021). It can be
adapted to our setting in a semi-online fashion: the rule needs to know the total number of rounds T in advance,
but does not need to know voter preferences of future rounds. Each decision costs p = % units, which must be
paid by voters that approve the chosen alternative. MES works by subtracting this amount from an initial budget
b; = 1 assigned to each voter i.

For p > 0, an alternative ¢ € C; is called p-affordable if

2ieN: ceAl min(b;, p) > p,

so approvers of ¢ can pay p with no one paying more than p. In each round, the alternative d; € C;j that is
p-affordable for minimum p is chosen, breaking ties arbitrarily. Note that at the minimum p, the above inequality
holds with equality (since the left-hand side is continuous in p). Then for each voter i approving d}, the remaining
budget b; of i is set to max(0, b; — p); note that the total amount collected is exactly p.

If in some round, no alternative is affordable for any p, MES terminates prematurely. Decisions for the remaining
rounds can be made arbitrarily (as far as our axioms are concerned), but in practice are done using an appropriate
completion rule such as Sequential Phragmén. In our experiments, we followed the “e-completion” strategy
introduced by D. Peters, Pierczynski, et al. (2021, Sec. 3.4) which approximates the concept of choosing the lowest
affordable alternative, retaining the core idea of MES.

3In the multi-winner setting, we can fix S in the definition of s, to be the set of all voters approving c, because it cannot happen that an
approver of ¢ already has more load than s, for in that case the rule would have chosen c in an earlier iteration (Brill, Freeman, et al. 2023,
Lemma 4.5). This is not true in our setting because ¢ may not have existed in a prior round. Other definitions of Phragmén’s method based on
virtual bank accounts (Janson 2018; D. Peters and Skowron 2020) do not easily adapt to our setting because of this phenomenon.
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It is also possible to run MES in an offline fashion (“Offline MES”), by letting it choose at each step in which
round it would like to make a decision (namely, the round where some alternative is p-affordable for minimal p,
across all alternatives in all rounds where no decision has been taken yet). All our proofs and counterexamples in
Section 4.2 below go through for Offline MES, so it also satisfies Weak E]JR but fails PJR. This also follows from
the results of Masatik et al. (2024), who study Offline MES in a more general setting.

3.3.3  Proportional Approval Voting (PAV). PAV (based on a rule of Thiele 1895) is an offline rule that selects the
decision sequence D € C; x -+ x Cr that maximizes

1 1 1
PAV-score(D) = Z 1+ 5 + 3 Fot —,

iEN Ub

where we recall that Uli) is the number of rounds in which voter i approves the decision of D. (For agents with
Ub = 0, their contribution to the PAV score is 0.) This harmonic objective function is the unique additive objective
that leads to a proportional rule (Aziz, Brill, et al. 2017). Finding the optimum decision sequence for PAV is
NP-hard (Brill, Golz, et al. 2022, Thm. 5.1), just like in the multi-winner setting (Aziz, Gaspers, et al. 2015).

However, one can define a polynomial-time local search variant of PAV, that in the multi-winner setting has
been found to satisfy the same proportionality axioms as PAV (Aziz, Elkind, et al. 2018).* The variant starts with
an arbitrary decision sequence and keeps changing the decision in some round if this increases the PAV-score
of the decision sequence by at least n/T2.% The process terminates if there is no possible change that leads to a
sufficient increase.

Definition 3.7 (Local-Search PAV). Given an instance (N, R, A, C) with n voters and time horizon T, a decision
sequence D is a possible output of Local-Search PAV if there exists some initial decision sequence Dy,;; such that
D can be returned by the following algorithm:

D < Dipjt;
while there is a round j € R and an alternative a; € C; such that
PAV-score (D \{d;}tu {aj}) > PAV-score(D) + 1% do
D < D\ {d}u{a}

return D
The threshold of n/T? is large enough to ensure termination in polynomial time.
PRrROPOSITION 3.8 (Az1z, ELKIND, ET AL. 2018). Local-Search PAV terminates in polynomial time.

Proor. Note that a single improving swap can be found and executed in polynomial time, by iterating through
allrounds j € Rand all alternatives a; € C;. Now, let us assess how many improvements the local search algorithm

may perform. Each improvement increases the total PAV-score of the decision sequence by at least n/ T?. The
maximum possible PAV-score of a length-T decision sequence isn- (1 +1/2 + --- 4+ 1/T) = O(nIn T). Thus, there
ninT
n/T?

can be at most O(

) = O(T? In T) improving swaps. O

4 Satisfying the Axioms

In this section, we establish which of our three rules satisfy which of our four axioms (see Table 1). Bulteau et al.
(2021) conjectured that no polynomial-time rule achieves Weak PJR (they gave existence proofs which were based

4One could use a sequential version of PAV to get an online rule, which Page et al. (2020) conjectured to satisfy at least Weak JR (a weakening
of Weak PJR). However, a counterexample from multiwinner voting (Sanchez-Fernandez, Elkind, et al. 2017, Table 2) can be adapted to show
that Sequential PAV fails Weak PJR in our model (repeat the profile from their paper for k = 6 rounds).

5This threshold mirrors the n / k? threshold suggested by (Aziz, Elkind, et al. 2018) for multi-winner voting, but see D. Peters (2025, Remark
4.2) for a situation where a somewhat smaller threshold is necessary.
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on exponential-time algorithms). Our results show that, in fact, Weak PJR as well as the stronger axioms can be
satisfied in polynomial time, by attractive rules, some of which even work online.

4.1 Online: Sequential Phragmén
We begin by analyzing the sequential Phragmén rule.

THEOREM 4.1. Sequential Phragmeén satisfies PJR.

Proor. For a contradiction, suppose that S C N witnesses a violation of PJR: it agrees in rounds R* =
{j1>---»jk} € Rand has size |S| > £ % but there are fewer than £ rounds in which at least one member of S approves
the decision.

First, we claim that if dj S Cj is the alternative chosen in some round j € R*, then Sd; < L

_ ISI”

load Y ;¢ x' assigned to members of S is at most £ — 1 because each decision incurs a load of 1 and no load is
assigned to members of S in rounds where no member approves the decision. Since j € R, there is an alternative
¢’ € C;j that everyone in S approves. Hence,

oo YiesX 14— ¢
N N T

where the first inequality follows from the definition of s/ as a minimum. Since Sequential Phragmén selected dj,
we have Sd; < s, showing our claim.

Note that the total

Call a round j a bad round if j € R* and the decision d; is not approved by any voter in S. Fix some voter
i € N\ S, and suppose i gets assigned some load during at least one bad round. Consider the point just after
the last bad round j where i is assigned some load. At this point we must have x < I;;\ since otherwise s;. > 6L
contradicting our claim. Thus, at most I% load was assigned to i during all bad rounds together. Clearly, this last
claim is also true for votersi € N\ S WilO do not get assigned any load during any bad round.

In a bad round, load is only assigned to voters outside S (since the round is bad). Thus, by summing over all

i € N\ S, we see that the total load assigned in bad rounds is at most

[4 IN| S| k
NA\S| - &=l p—Blop< X _p—f—¢
INNSI G = E s <
However, there are at least k — (£ — 1) bad rounds, so a total load of at least k — £ + 1 is distributed across bad
rounds, a contradiction. O

In multi-winner voting, Sequential Phragmén is well-known to fail EJR (Brill, Freeman, et al. 2023), so it is
unsurprising that it also fails (Weak) EJR in our setting. While it is possible to adapt the example of Brill, Freeman,
et al. (2023) to our setting, we use a somewhat simpler example.°

Rounds 1-10

Voters 1, 2, 3 {a, b}
Voters 4,5,6,7 {a, c}
Voters 8, 9 {b, ¢}
Voter 10 {b}

Fig. 4. Instance where Sequential Phragmén fails Weak EJR. The approval sets are the same in all rounds.

%This example can also be used to show that Sequential Phragmén fails EJR for the related settings of approval-based apportionment and of
multi-winner voting. We thus add a different EJR counterexample to the literature, which may turn out useful in future work.
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THEOREM 4.2. Sequential Phragmeén fails Weak EJR.

Proor. Consider the instance shown in Figure 4, with T = 10 rounds and n = 10 voters. Here, the same profile is
repeated for all the rounds, so it is also an example where Sequential Phragmén fails EJR in the setting of approval-
based apportionment (Brill, Golz, et al. 2022). In this example, Sequential Phragmén alternates between two
alternatives as winner in each round and produces the decision sequence D = (a, b, a, b, a, b, a, b, a,b).
The first three voters approve all the decisions of the outcome, so each of them gets a satisfaction of 10 while the
rest of the voters approve only half of the decisions from D, so they each get a satisfaction of 5. The coalition
S =1{4,5,6,7,8,9} agrees in all rounds on ¢, so Weak EJR demands that at least one voter in S should approve at
least £ = 6 decisions (since 6 = |S| > -2 =6- %) However, each voter in S approves the decision of only 5
rounds, which is strictly less than £ = 6, so Weak EJR is violated. Hence, Sequential Phragmén fails Weak EJR. [

~

4.2 Semi-online: Method of Equal Shares (MES)

We do not know an online rule that satisfies Weak EJR. In fact, in Appendix B.2, we give a reduction showing that
such a rule could be converted to a multi-winner voting rule satisfying Weak EJR and the axiom of committee
monotonicity, the existence of which is a major open problem (Lackner and Skowron 2023; Sanchez-Fernandez
and Fisteus 2019).”

Can we evade this difficulty with some foresight, by relaxing the online requirement? Knowing the time
horizon T is a common assumption found in online learning settings like multi-armed bandits (Barman et al.
2023). Indeed, if we know the total number of rounds T, we can use MES (which is online except that it uses T to
determine the price p = n/T of deciding a round). We show that it satisfies Weak EJR.

THEOREM 4.3. MES satisfies Weak EFR.

Proor. Write p = % for the cost of deciding a round according to MES. Suppose S € N witnesses a violation of
Weak EJR, where |S| > £ - pbut every i € S approves the decision of at most £ — 1 rounds. We begin by showing
that some i € S has a remaining budget of less than p/|S| when MES terminates.

Suppose MES stops prematurely without making a decision in round j € R. At that point, some voteri € S
must have a remaining budget of strictly less than p/|S|, as otherwise S has a combined remaining budget of at
least p and could therefore purchase an alternative that S agrees on in round j, contradicting that MES terminated.
Otherwise, if MES does not stop prematurely, then it made a decision for all T rounds, in which case all available
money is spent (since T - p = n), and so all agents have remaining budget 0, hence in particular some i € S has
remaining budget of less than p/|S|.

We first handle the case £ = 1. Note that i’s remaining budget is less than p/|S| < p/(£- p) = 1/¢ = 1. Thus, i
has spent a strictly positive amount from the initial budget of b; = 1. Since agents only spend money on approved
alternatives, i’s utility must be at least 1 and we are done.

Thus, suppose £ > 2 (so that we can divide by the quantity € — 1 > 0). Now, i has spent more than 1 — p/|S| by
the time that MES has terminated, and has used that money to pay in at most £ — 1 rounds. In those rounds, i
therefore paid on average strictly more than

1-p/lSl 1-1/t 1
t-1 ~ ¢-1 ¢
Hence, there must be a round when i € S paid strictly more than 1/£ for the decision.

Let j € R be the first round where some voter in S paid strictly more than 1/¢ for the decision. Suppose this

decision is d; € C;. Just before paying for dj, every voter in Shad at least 1/¢ budget left as they each so far paid

7Elkind, Obraztsova, et al. (2025, Proposition 7.4) recently proved that no (semi-)online rule can satisfy EJR, answering a question we asked in
earlier versions of the paper.
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Rounds 1-10 11-16
Voter 1 {a} {c}
Voter 2 {a} {4}
Voter 3 {a} {e}
Voters 4,5,6,7,8 {b} {b}

Fig. 5. Instance where MES does not terminate prematurely yet fails EJR.

at most 1/¢ for at most £ — 1 decisions. Recall that S agrees in every round; hence there exists an alternative
¢ € Cj on which S agrees. But note that cis 1/¢-affordable because
1 1
Sl-=>t-p--=
ISl-g2tp g =p
while d; is not 1/¢-affordable (since some member of S had to pay strictly more than 1/¢ for d)). This is a
contradiction to MES choosing the alternative that is p-affordable for the lowest p. O

Does MES provide good guarantees for coalitions that do not agree on all rounds? Unfortunately not. We
show that MES fails PJR and EJR. This is perhaps surprising since, in other settings, MES usually satisfies at least
as many proportionality axioms as Sequential Phragmén. The reason for its failure here is that coalitions may
agree only in early rounds where MES greedily maximizes efficiency, and then MES does not satisfy the fairness
requirements in subsequent rounds where there may not be enough agreement between voters to support the
purchase of any alternative.

We begin by showing that MES does not guarantee EJR.

THEOREM 4.4. MES fails EJR. It does so even on instances where it does not terminate prematurely, i.e., where it
outputs a decision for all rounds.

Proor. Consider the instance in Figure 5. We have T = 16 rounds and n = 8 voters. The group S; = {1, 2, 3}
agrees in the first 10 rounds (jointly approving a) while the group S, = {4,5,6,7, 8} agrees in all rounds
8

(approving b). The budget of each voter i is b; = 1 unit while the price of each round is p = % = 17z = 0.5 units.

In round 1, a is p-affordable for p = % whereas b is p-affordable for p = %. Thus, b is selected in round 1.

The remaining budget of voters in S, is each settob; — p =1 — 11—0 = %. By the same calculation, it can be seen
that b is selected in every round until round 10, after which every voter in S, has exhausted their budget.
Beginning in round 11, only voters in S; have budget remaining. However, the voters 1, 2 and 3 do not agree in
these remaining rounds. Further, every alternative apart from b is approved by only one voter, so its supporter
will have to pay the full cost of p = 0.5 if it is selected. Thus, across the rounds 11-16, each of the 3 voters in S;
will get to select the outcome of 2 of the rounds (with the exact sequence depending on how ties are broken).
Thus, no matter how ties are broken, the final decision sequence D will have b for the first 10 rounds and
¢, d, e each appearing twice in the last 6 rounds (in some order). Now notice that S; agrees in the first k = 10
rounds, so with £ = 3, since |S;| > € - % =3 %, EJR requires that some voter in S; approves decisions of at least
£ = 3 rounds. However, each voter in S; approves exactly 2 decisions in D, violating EJR. O

We also have a similar example where MES fails PJR. However, we note that this example (shown in Figure 6)
depends on empty approval sets and causes MES to terminate prematurely. We discuss these two caveats further
below.
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Round 1&2&3 4&5&6

Voter 1 {a} @
Voter 2 {b} {b}
Voter 3 {b} {b}

Fig. 6. Instance where MES fails PJR (and JR). Note the empty approval set of voter 1 in rounds 4, 5, 6.

THEOREM 4.5. MES fails PjR.

Proor. Consider the instance shown in Figure 6, with T = 6 rounds and n = 3 voters. Here, voter 1 approves a
in the first 3 rounds but does not approve any alternative in the remaining rounds. Voters 2 and 3 approve b in
all rounds. The budget of each voter i is b; = 1 unit while the price of each round is p = % = 2 = 0.5 units.

In round 1, a is p-affordable for p = 0.5 as only voter 1 approves a and thus has to bear its whole cost of
p = 0.5. However, b is p-affordable for p = 0.25 as both voters 2 and 3 approve it, so they can equally divide the
cost p. So ‘b is selected, and the remaining budget of voters 2 and 3 is set to 0.75. By the same computation, b
is selected in rounds 2 and 3, after which voters 2 and 3 have a remaining budget of 0.25. In round 4, the only
alternative to elect is ‘b and voters 2 and 3 have just enough budget to buy it at p = 0.25, leading to exhaustion
of their whole budget. In round 5, voters 2 and 3 do not have any budget to buy any alternative while voter 1 has
the budget but does not approve any alternative. Thus, MES terminates prematurely. Any completion rule used
from this point can only elect b in the remaining rounds as that is the only available alternative. Thus, we obtain
the decision sequence D = (b, b, b, b, b, b).

Now, the first voter forms a group S = {1} which agrees in the first 3 rounds (as voter 1 approves a). With
£ =1,ithassize|S|=1>¢- g =1- % Thus, PJR requires that in at least £ = 1 rounds, the outcome is ‘a. However,
MES (with any completion rule) never elects a, so MES fails PJR. d

Remark 4.6. The counterexample of Theorem 4.5 used a requirement of £ = 1 rounds, so it also shows that MES
fails JR.

This also implies that MES fails EJR. Elkind, Obraztsova, et al. (2025, Proposition 7.4) show that in fact every
semi-online method fails EJR.

As we mentioned, in the example of Figure 6, MES terminates prematurely. Thus, a completion rule would need
to be used to make decisions in the remaining rounds. Due to the empty approval sets of Voter 1 in rounds 4, 5,
and 6, however, it is clear that no matter how the remaining rounds are decided, the resulting decision sequence
will fail PJR.

What about if we insist that all approval sets must be non-empty? In that case we are able to construct examples
similar to Figure 6 where MES terminates prematurely (see Figure 7), and all the standard completion methods
lead to a decision sequence that fails PJR. However, we are not aware of an example where PJR is failed for all
possible completions of the MES output.

It turns out that the premature termination is, in a sense, the cause for the PJR failure: We show that if MES
does not terminate prematurely (i.e., it outputs decisions for all the T rounds), its output decision sequence D
satisfies PJR.

THEOREM 4.7. If MES outputs a decision sequence D which contains a decision for all rounds (without terminating
prematurely), then for all S C Nand ¢ € N with|S| > €- % there are at least £ rounds in which at least one member
of S approves the decision of D (no matter in how many rounds S agrees). In particular, D satisfies PJR.
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Round 1-7 8-10

Voters 1-70 {a} {c}
Voters 71-100 {b} all disjoint

Fig. 7. Example illustrating how MES fails PJR (and JR) without empty approval sets. The cell “all disjoint” indicates that
each of the last 30 voters approves a unique alternative not approved by anyone else in the last 3 rounds. On this example,
MES selects ‘a in the first 7 rounds and then terminates prematurely. Most completion methods select ¢ in the remaining
rounds (including Phragmén completion, utilitarian completion, and Add1).

Proor. Let £ € N and let S C Nbe a group of voters with |S| > £ - % Recall that MES initially gives each voter

a budget of 1 while each round’s decision has a price of p = % As MES produced a decision for all rounds, in
total p- T = n amount was spent. This implies that every voter’s budget of 1 is used in full. Thus, the voters in S
paid a total amount of |S| during the execution of MES. Recall that voters only pay when they approve a round’s
decision. Thus, the number of rounds in which the decision is approved by at least 1 voter in S must be at least

ISI/p=1S|" 5 > £ rounds, as desired. 0

4.3 Offline: Proportional Approval Voting (PAV)

In some settings, offline voting (where alternatives and approval sets for all rounds are known in advance) is
possible, e.g., for voting in combinatorial domains with independent issues. Studying the offline setting can also
clarify which axioms are plausible aims for online rules. It turns out that if we make decisions fully offline, there
is a rule that satisfies all four of our axioms: PAV, as well as its polynomial-time local search variant. The proof
uses a swapping argument: if the output violates EJR, then in at least 1 round, one can change the decision and
thereby increase the PAV objective function. This technique is also used in multi-winner voting (Aziz, Brill, et al.
2017). Our theorem was recently generalized by Masafik et al. (2024) to show that PAV satisfies an EJR notion
in a general model of voting with matroid constraints (noting that our model can be described as involving
constraints that in each round, just a single alternative can be chosen).

THEOREM 4.8. PAV and Local-Search PAV satisfy EJR.

PRrOOF. If Dpay is the decision outcome chosen by PAV, and we run Local-Search PAV with D,y = Dpay, then
it immediately terminates. Hence Dpay is a possible output of Local-Search PAV. Thus, to prove the theorem, it is
sufficient to prove that every possible output of Local-Search PAV satisfies EJR.

So let D be a decision outcome returned by Local-Search PAV with |D| = T. For a contradiction, suppose that
S C Nwitnesses a violation of EJR of D, with S agreeing on a set R* C R of |R*| = krounds and with |S| = s > ¢- %

but Ub < tforalli € S. For any round r € R*, let a, € C, be an alternative on which S agrees and d, be the
current decision for that round. If we replace d, by a, in D, the change in the PAV-score of D is

Aand)= Y ——+ L -y L

i i i
ies Upt1 ienmsUp+1 ieN\s Up
d AL dgAL deAl
GEA; a4 EA;
increase due to addition of a, due to removal of d,

1 1
2 - - Z — (1)
ies Up+1 ienmsUp
d.gA, deAl
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Note that the change for a particular round may be negative. Summing this change over R*, the set of rounds
where S agrees, we get

> A d) > Z( > %) (From (1)

reR* rek* \ ies Up+1 ieN\s Up
deAl el
1 . .
= Z Z : Z Z — (interchanging sums)
ies rer* Upt1  iens rer* Up
deAl denl

Write Ub. for the number of rounds in R* in which i approves the decision of D. Note that for all i € S, we have

< Ub < £—1, and so the number of decisions in rounds R* not approved by i is at least k — (£ — 1) = k— £+ 1.
Hence, we get

R e

reRr* i€S IEN\S reR*
d, eA’
—t+1 . i i .
> Z - Z Z — (since Uy < Up for alli € N)
ies Up+1  iens rer Upr
dEA,
> Z w - Z 1 (definition of U{z*)
ies Upt1l ieN\s
—f+1 . - ;
>Zki—(n—s) (since Up < € — 1 foralli € §)
~f—-1+1
ieS
_ <k—£+1).s_(n_s)
14
sk
=——-s+-—-n+s
f
N L I (since s > - 1)
=s,t,-n=2n nzy since s > €- ¢
Thus, for an average r € R*, we have A(ar, d) > k Z :2 > % using that |R*| = k < T. Therefore, there
ex1sts around r € R* such that A(a,,d,) > —. Hence D admits a swap that increases its PAV-score by at least
T2’ and thus Local-Search PAV would not termmate and return D. This gives a contradiction and completes the
proof. d

5 Impossibility of Stronger Guarantees

One could try to strengthen the axioms we have discussed in various ways, by attempting to either increase the
amount of utility guarantees, or to relax the constraints on group size. However, one can show that many such
strengthenings lead to axioms that may be infeasible. For example, if we reduce the requirement on the coalition
size by € in the definition of PJR, there are instances where no decision sequence satisfies the strengthening.

THEOREM 5.1. Let € > 0. Then there exists an instance where no decision sequence D satisfies “e-Stronger PJR”,
defined to require that for every £ € IN and every group of voters S C N that agrees in k rounds and has size
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IS| > (t—¢)- %, there are at least £ rounds j € R in which the decision d; of D is approved by at least one voter in S
(e, d; € Uies AY).

The proof of Theorem 5.1 is in Appendix B.1. It constructs a counterexample where in the first k rounds, there
are very many coalitions that agree (but cannot all be satisfied simultaneously), while in the remaining rounds,
there is no agreement at all (which makes it impossible to satisfy all the justified demands from earlier rounds).
In Appendix B.1, we also discuss several other potential strengthenings of our axioms, including what we call
“0-Agreement PJR”, which requires a group of size at least £ - n/T to only agree in £ rounds to deserve to be
represented in £-rounds, which is impossible to satisfy due to the same counterexample construction.

Theorem 5.1 is a worst case result, and we could hope for rules that satisfy e-Stronger PJR on inputs where it is
possible. However, we show that no (semi-)online rule can do this.

THEOREM 5.2. Let € > 0. No semi-online decision rule returns an e-Stronger PJR decision sequence whenever one
exists.

Again, the proof can be found in Appendix B.1.

6 Experiments

To understand the performance of our methods empirically, we run our methods on both synthetic and real-world
datasets.

Rules. In addition to our proposed rules (Phragmén, MES, PAV), we also consider two online rules proposed by
Lackner (2020):

o Perpetual Quota is a rule that aims at granting each voter a satisfaction as close as possible to their “quota”.
Formally, in round j € R, we compute a weight w; for each voter i € N, defined as

J
w; = max (0, 1 E max|[{i’ € N : ce AL} - U;_l),
n 1
t=1 cEA;

where U;_l is the number of decisions approved by i in rounds 1, ..., j— 1 and the max is interpreted as equal

to 0 when Al = @. Perpetual Quota chooses an alternative ¢ € C; that maximizes the weighted approval
score zie N :ceal Wi- We refer the reader to Lackner (2020) for the motivation of this rule; intuitively, voters
: 7

receive higher weights if they are easier to satisfy because they approve more popular alternatives, and
they receive lower weights if they have already been satisfied in prior rounds.

Perpetual Consensus is similar to Sequential Phragmén but strictly enforces an equal distribution of the
load incurred. Formally, it maintains a weight w; for each voter i € N, initialized to w; = 1. These weights
are allowed to become negative, but in each round the rule only considers voters who currently have
positive weight, N* = {i € N : w; > 0}. It then selects an alternative ¢ € C; that maximizes the weighted

approval score among these voters, i.e., maximizes ).+ e Al Wik LetST={ie Nt : c€ A;} be the set
of voters who contributed to the selected alternative’s score. The rule then updates the weights by setting
w; < w; +1—n/|S*| for alli € S* and w; < w; + 1 for other voters.
Both of these rules intuitively aim for proportionality, but do not satisfy any of our axioms as they even fail
the weaker axioms proposed by Lackner and Maly (2023). We chose those rules as they performed well in the
experiments of Lackner (2020).
Further, we consider two baselines:
» Approval Voting which in each round j € R chooses an alternative with the highest approval score, i.e., an
alternative ¢ € C; that maximizes [{i € N : c € A;}l
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 Round Robin which in each round j € R, identifies the voter i = jmod n and chooses an alternative ¢ € A;
approved by that voter (the first one according to a fixed tie-breaking order).

We implemented all the voting rules in Python 3.8, building on existing implementations: For Sequential
Phragmén (a.k.a. Perpetual Phragmén), Perpetual Quota, Perpetual Consensus, Approval Voting, and Round
Robin (a.k.a. Serial Dictatorship), we used the perpetual python package. For PAV, we used a standard integer
linear-program (ILP) encoding (see, e.g., D. Peters and Lackner 2020), solved using Gurobi 9. For MES, our
implementation builds upon the Grzesiek3713/pabutools package and uses Phragmén completion in case of
premature termination.

Metrics. We evaluate our rules on several metrics of voter utility to complement our theoretical guarantees.
For comparability of results, we normalize utility and define a single voter i’s utility as the fraction of rounds in
which the voter approves the decision: Up,/T. Based on this, we report three metrics:

« Average Utility of the voters (equivalent to utilitarian social welfare).

« Utility of the 25th Percentile: We sort the vector of utilities and report its 25th percentile. This is inspired by
egalitarian social welfare, which we did not use because the minimum utility was often zero.

« Gini Coefficient: This metric quantifies the level of inequality in the voter utilities. A lower value corresponds
to a more equal utility distribution (with 0 being obtained in case every voter has the same utility). Formally,
the Gini coefficient of a decision sequence D is

.. 1 1, j
gini(D) = ——— Z Z ™ Up - U£|

1
2ieNUD ienjen

6.1 Synthetic Data

For analysis based on synthetic data, we follow a similar setup to the one used by Lackner (2020) which is based
on the popular approach of sampling both voters and alternatives as points in a two-dimensional Euclidean space
(Elkind, Faliszewski, Laslier, et al. 2017). Because we are particularly interested in group representation, we use
distributions of voter locations that have several clusters.

More precisely, both voters and alternatives are sampled as points in R?. In each round, a fresh set of alternatives
is sampled uniformly in the square [—1, 1] x [—1, 1]. The voter locations stay fixed across rounds, and for each
voter i € N, we sample i’s location independently of other voters from a bivariate normal distribution /' (x", y;)
centered at a point (], y;") with standard deviation o = 0.2 (unless stated otherwise). We present results for four
distributions of voter locations, which differ in their choices of points (x;*, y;*) and the size of the groups:

« ReEsTRICTED: The voters are split into 2 disjoint groups S; and S, with % of voters in S; and % of voters in

S,. The locations of voters in S; are sampled from 4 (—0.5, —0.5), while the locations of voters in S, are
sampled from (0.5, 0.5). We further restrict the voter locations to lie in the square [—1,—1] x [—1, 1], if
necessary resampling from the location distributions until this constraint is satisfied.

MaNy Groups: The voters are split into 4 disjoint groups concentrated in different areas. The first 3 groups
each form 20% of the population while the last group forms 40%. For each group, both x- and y-coordinates
are drawn independently from (0.5, £0.5).

UNBALANCED: The voters are split into 2 disjoint groups S; and S, with 20% of voters in S; and 80% of
voters in Sy. The locations of voters in S; are sampled from .4 (—0.5, —0.5), and the locations of voters in S,
are sampled from .4/(0.5, 0.5). For this distribution, we used standard deviation ¢ = 0.1.

NEAR-BALANCED AND NEARBY: The voters are split into 2 disjoint groups S; and S, with 60% of voters in S;
and 40% of voters in S,, with the groups being quite close to each other in comparison to other distributions.
All the voters of S; were sampled from .#'(—0.25, 0) while the voters of S, were sampled from .4°(0.25, 0).
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These distributions are visualized in the blue pictures in the right-most column of Figure 8, where we sampled
2500 points from these distributions (chosen for visualization purposes; the experiments use fewer voters).

Our experiments are parameterized by a factor f > 1, which determines how many alternatives are approved
by voters. Specifically, voters approve all alternatives whose Euclidean distance is within ftimes the distance to
their closest alternative. In particular, each voter approves at least one alternative. For each of the distributions
mentioned above, we consider the following three parameter settings:

« n = 20 voters, T = 50 rounds and each round having 20 alternatives, with f = 1.5. This led to an average
approval set size of 2.12.

« n = 50 voters, T = 50 rounds and each round having 40 alternatives, with f = 1.5. This led to an average
approval set size of 2.2.

« n = 50 voters, T = 50 rounds and each round having 40 alternatives, with f = 3. This led to a larger
approval set size with the average being 7.52.

We repeated each experiment for 1000 trials. We report our results for the various distributions in Figures 8
to 10. Each figure corresponds to a specific distribution and contains multiple subfigures to show the plots for
different parameter values. In each subfigure, bar plots are shown for each rule and metric. The length of the bar
represents the median value across all the 1000 trials for the rule while the error bars represent the 25th and
75th percentile, with the numeric text after the bar showing the mean value.

Considering each metric, we make the following observations:

« Average Satisfaction: In regard to this metric, a clear separation emerges between the voting methods across
all the distributions. Approval Voting gives the highest average satisfaction, which is expected (it is easy
to see that it always selects the decision sequence maximizing this metric). On the other hand, Round
Robin performs the worst among the rules for all parameter settings and all distributions. Among the
rules aiming for proportional outcomes, we see the following rank order for almost all parameter settings
and distributions: PAV > Sequential Phragmén > MES > Perpetual Quota > Perpetual Consensus. The
differences between adjacent rules in this ordering tend to be small. We see some exceptions to this ordering
for the UNBALANCED distribution, where Perpetual Quota does better than usual, but is still worse than
PAV. The advantage of PAV over other rules is particularly apparent in the MANY Groups distributions.
Utility of the 25th Percentile: Here, we find that Approval Voting consistently performed poorly, often
resulting in almost no decisions being approved by the bottom 25% of the voters, leading to a score of close
to 0 for this metric under the RESTRICTED and the MANY GRoUPs distributions. Round Robin performed
better than Approval Voting but still much worse than the other rules.

Among the fair rules, PAV generally performed the best. However, in the NEAR-BALANCED AND NEARBY
distribution, Perpetual Quota outperforms PAV for several parameter settings. Perpetual Consensus per-
forms similarly well for this distribution, but Sequential Phragmén and MES perform notably worse. For
the other three distributions, the proportional rules all perform similarly on this metric, with Sequential
Phragmén showing the best values for several parameter settings.

Gini Coefficient: Across distributions, Approval Voting consistently produces the outcomes with the most
inequality between voters, as measured by the Gini coefficient. That means that some voters are happy with
many decisions, and others are happy with few decisions. All other rules produce outcomes with a more
equal distribution of utility. Among the proportional rules, there is no consistent ranking between rules in
their performance on this metric, and their Gini coefficients are often similar. Under the NEAR-BALANCED
AND NEARBY as well as the MANY Groups distributions, however, Perpetual Consensus and Perpetual
Quota have noticeably lower Gini coefficient. Depending on the parameters and distribution, the Round
Robin method performs either slightly worse or comparably to the more sophisticated proportional rules —
recalling that, however, the average utility under this method is lower.
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Average Utility

Proportional Aggregation of Preferences for Sequential Decision Making

25th Percentile Utility

Gini Coefficient

—0.31 —0.16 —0.21
—0.49 | ~0.01 —0.41
—0.38 —0.21 —0.19
—0.39 —0.20 —0.20
—0.42 —0.22 —0.21
—0.40 —0.21 —0.22
—0.44 —0.25 —0.20
0.67 0 035 0 0.55
(a) RESTRICTED distribution.
Average Utility 25th Percentile Utility Gini Coefficient
—0.18 —0.11 —0.19
—0.30 —0.03 —0.54
—0.22 —0.15 —0.17
—0.22 —0.15 —0.17
—0.24 —0.16 —0.18
~0.24 —0.16 —0.17
~0.27 —0.18 —0.17
041 0 025 0 0.77
(b) MANY GRroups distribution.
Average Utility 25th Percentile Utility Gini Coefficient
—0.51 —0.21 —0.18
~0.71 —0.13 —0.25
~0.59 —0.26 ~0.18
~0.61 —0.25 ~0.18
~0.61 —0.26 —0.18
~0.60 —0.25 ~0.19
~0.63 —0.28 ~0.17
0.94 0 038 0 0.34
(c) UNBALANCED distribution.
Average Utility 25th Percentile Utility Gini Coefficient
—0.37 —0.23 —0.16
—0.54 —0.21 —0.27
—0.45 —0.29 —0.14
— 0.46 —0.30 —0.14
—0.50 —0.27 —0.19
—0.49 —0.27 —0.19
—0.52 —0.29 —0.19
0.74 0 043 0 0.39

(d) NEar-BALANCED AND NEARBY distribution.
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Fig. 8. Performance of the rules for n = 20 voters, T = 50 rounds, 20 alternatives in each round, with f = 1.5. The length of
the bar represents the median across trials while the error bars represent the 25th and 75th percentile with the numeric text
after the bar showing the mean value. The blue pictures in the right-most column illustrate the distribution of voter locations.
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Average Utility 25th Percentile Utility Gini Coefficient
Round Robin —0.20 —0.09 —0.25
Approval Voting —0.35 | —0.01 —0.50
Per. Consensus —0.25 —0.13 —0.23
Per. Quota —0.26 —0.12 —0.23
Seq. Phragmen —0.29 —0.13 —0.27
Equal Shares —0.28 —0.12 —0.27
PAV —0.32 —0.14 —0.26
048 0 020 0 0.67
(a) RESTRICTED distribution.
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin —~0.11 —0.05 —0.25
Approval Voting —0.22 | —0.01 — 0.64
Per. Consensus —0.14 —0.08 —~0.22
Per. Quota —0.14 —0.08 —0.22
Seq. Phragmen —0.17 — 0.08 —0.25
Equal Shares —~0.16 —0.08 ~0.23
PAV —0.18 —0.10 ~0.23
030 0 0.13 0 0.88
(b) MANY GRroups distribution.
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin —0.41 —0.15 —0.21
Approval Voting ~0.63 —0.06 —0.30
Per. Consensus —~0.51 —0.19 ~0.21
Per. Quota ~0.53 —0.18 ~0.22
Seq. Phragmen ~0.54 —0.20 ~0.23
Equal Shares ~0.53 = 0.19 ~0.23
PAV ~0.56 —0.22 ~0.21
0.84 0 029 0 0.40
(c) UNBALANCED distribution.
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin —0.23 —0.11 —0.21
Approval Voting — 0.38 ——0.07 ——0.39
Per. Consensus —0.28 —0.15 —0.19
Per. Quota —0.30 —0.16 —0.19
Seq. Phragmen —0.33 —0.14 —0.24
Equal Shares —0.32 ——0.14 —0.24
PAV —0.35 —0.16 —0.23
052 0 022 0 0.54

(d) NEar-BALANCED AND NEARBY distribution.

Fig. 9. Performance of the rules for n = 50 voters, T = 50 rounds, 40 alternatives in each round, with f = 1.5. The length of
the bar represents the median across trials while the error bars represent the 25th and 75th percentile with the numeric text
after the bar showing the mean value. The blue pictures in the right-most column illustrate the distribution of voter locations.
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Average Utility
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25th Percentile Utility

Gini Coefficient

Round Robin ~0.34 —0.19 —0.19
Approval Voting ~0.55 | 10.00 ~0.39
Per. Consensus ~0.44 —0.25 ~0.18
Per. Quota ~0.45 —0.24 ~0.18
Seq. Phragmen ~0.46 —0.25 ~0.20
Equal Shares ~0.45 —0.25 ~0.19
PAV ~0.48 —0.28 ~0.18
073 0 037 0 0.52
(a) RESTRICTED distribution.
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin ~0.22 —0.13 —0.18
Approval Voting ~0.36 —0.02 —0.52
Per. Consensus =0.27 —0.18 ~0.16
Per. Quota ~0.28 —0.19 ~0.15
Seq. Phragmen ~0.30 —0.18 ~0.19
Equal Shares ~0.29 —0.18 ~0.18
PAV ~0.32 —0.20 ~0.19
048 0 026 0 0.71
(b) MANY GRroups distribution.
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin ~0.50 —0.21 ~0.18
Approval Voting »0.76 ~0.13 ~0.23
Per. Consensus »0.64 ~0.27 ~0.16
Per. Quota #0.65 ~0.26 ~0.16
Seq. Phragmen #0.65 ~0.26 ~0.17
Equal Shares +0.64 ~0.26 »0.17
PAV #0.66 ~0.28 ~0.16
099 0 037 0 0.30
(c) UNBALANCED distribution.
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin —0.44 —0.30 —0.13
Approval Voting —0.67 —0.36 —0.19
Per. Consensus —0.59 —0.41 —0.12
Per. Quota ~0.61 —0.43 —0.12
Seq. Phragmen —0.65 —0.39 —0.16
Equal Shares —0.64 —0.38 —0.16
PAV ~0.67 —0.39 —0.17
0.90 0 058 0 0.26

(d) NEar-BALANCED AND NEARBY distribution.

17:21

Fig. 10. Performance of the rules for n = 50 voters, T = 50 rounds, 40 alternatives in each round, with f = 3. The length of
the bar represents the median across trials while the error bars represent the 25th and 75th percentile with the numeric text
after the bar showing the mean value. The blue pictures in the right-most column illustrate the distribution of voter locations.

Journal of Artificial Intelligence Research, Vol. 85, Article 17. Publication date: February 2026.



17:22 Chandak, Goel & Peters
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin —0.50 ~0.33 —0.14
Approval Voting —0.60 —0.25 ——0.22
Per. Consensus ~0.54 —0.35 —0.13
Per. Quota ~0.54 ~0.35 —0.13
Seq. Phragmen ~0.55 —0.34 —0.14
Equal Shares ~0.57 —0.31 —0.18
PAV ~0.58 —0.34 ~0.16
0.80 0 047 0 0.32
(a) 2022 General Elections in Shasta County, California
Average Utility 25th Percentile Utility Gini Coefficient
Round Robin —0.51 —0.28 —0.17
Approval Voting —0.58 —0.24 ——0.24
Per. Consensus —0.53 —0.31 —0.16
Per. Quota —0.53 —0.31 —0.16
Seq. Phragmen —0.54 —0.30 —0.17
Equal Shares —0.55 ——0.28 —0.21
PAV — 0.57 —0.29 —0.20
077 0 044 0 035

(b) 2022 General Elections in Colorado across 14 counties

Fig. 11. Performance of the rules on the political dataset. The length of the bar shows the median across all voting districts,
the error bars give the 25th and 75th percentile, and the text gives the mean.

6.2 Political Data

In addition to synthetic data, we evaluated the rules on data from U.S. political general elections which we
collected from websites of local governments. The resulting dataset is available at https://osf.io/t6p7s/. In the
elections we collected, voters elect candidates to various federal, state, and local political offices and express
opinions on yes/no ballot initiatives. Using public anonymized Cast Vote Records (CVR) data we can see each
voter’s votes on all these issues simultaneously. We collected instances from 15 counties in California and
Colorado from 2020 and 2022. In these elections, voters usually only vote for a single alternative for each issue
(rather than using approval). However, where several members needed to be elected to a board, voters are usually
allowed to vote for several candidates (but no more votes than there are open positions). We reinterpreted such
issues to be about the election of a single candidate, and interpreted the votes as forming an approval set. We did
this to make the dataset fit better with our formal setup. The voting rule actually used for these elections can be
seen as equivalent to Approval Voting (i.e., in each round select the alternative with the highest vote count), one
of the baseline rules included in our simulations.

Each county is divided into smaller voting districts, giving rise to a large number of decision instances. For
example, in Colorado, we collected 169 instances from 14 counties. Each instance corresponds to all the voters
that were issued a particular ballot type (usually, one instance per district of the county, since the candidates and
offices differ between districts). We collected 41 instances from Shasta County, California, (one for each voting
district) with each instance on average having 32 issues and 1682 voters. We ignored instances with more than
10 000 voters because the computation of PAV did not finish in reasonable time.

The results are shown in Figure 11 separately for Shasta County, Calif., and the 14 Colorado counties in our
dataset. We see that Approval Voting (AV), the method that is actually used to determine winners, gives a higher
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What should the self-driving car do?

Fig. 12. Screenshot of a decision problem from moralmachine.net.

Gini coefficient and lower utility at the 25th percentile compared to all the other rules. Strikingly, PAV leads to a
more equal utility distribution while also having high average utility, with the difference to AV being almost
negligible. This suggests that proportional rules could be used to produce collections of decisions that are more
consensual. We note, however, that much additional analysis would be appropriate, to understand the precise
behavior of the rules on political instances.

6.3 Learning Preferences from the Moral Machine

Virtual democracy (Freedman et al. 2020; Mohsin et al. 2021; Noothigattu et al. 2018) is a proposal to automate
decision making by learning models of preferences of individual users and using predicted preferences as inputs
to a voting rule. This can be particularly useful when preference elicitation costs are high, decisions need to be
made in real time, or a very large number of decisions need to be taken. A common approach (Noothigattu et al.
2018; Wang et al. 2019) for virtual democracy is to average the learned model parameters across voters to obtain
a single model, and effectively treat the predictions of the averaged model as the result of an aggregation method.
Feffer et al. (2023) have shown that such averaging may lead to non-proportional outcomes that underweight
minority preferences. We hope to alleviate these fairness concerns by querying each individual model and then
aggregating their outputs using voting rules. In particular, we will use the proportional aggregation methods that
we have studied, and study their effect as compared to non-proportional rules and as compared to the traditional
Machine Learning approach of learning a single preference model on a combined dataset.

Following the work of Noothigattu et al. (2018), to empirically test our work on a dataset that has structured
features which allow preference learning, we consider virtual democracy applied to the moral machine (Awad et al.
2018). This experiment is a modern take on ethical “trolley problems” and involves decisions that a self-driving
car might face. Users were asked to express preferences in instances where a self-driving car must either swerve
or stay in the lane, with both choices leading to injuring a different group of people. These choices can be seen as
alternatives that can be described by a structured feature vector. Several million pairwise comparison responses
are available in a public dataset. Note that we do not view ethics for self-driving cars as a promising application
of our rules; we just use it as a convenient and evocative data set that allows comparison to previous work.

Noothigattu et al. (2018) learn a model predicting the preferences of each respondent. However, there are only
13 pairwise comparisons per respondent, meaning that such individual models have low accuracy. Instead, we
partition the respondents by their country, and learn one model for each country. Kim et al. (2018) found that
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grouping respondents from each country leads to higher accuracy on the moral machine dataset (perhaps due to
cultural similarities).

We limit ourselves to the 197 countries for which the dataset contains over 100 samples. To learn a preference
model for each country, we use the Plackett—Luce (PL) model (Luce 1959; Plackett 1975) which is a random
utility model appropriate for social choice preference learning (Azari Soufiani et al. 2012). As a baseline, we
train a combined model on respondents from all countries, using 100 samples from each country for a balanced
representation in the training data.

In our experiments, we consider four different parameter settings (a)-(d). We produce 100 decision rounds. In
each round, we produce either 50 alternatives ((a)-(b)), 100 alternatives ((c)) or 200 alternatives ((d)), in one of the
following ways:

» Random. We create a large pool of 240 000 unseen alternatives and sample a random subset of these as the
alternatives for each round.

 High-disagreement alternatives. We find that on random alternatives, the country models have high agree-
ment (i.e., they tend to approve the same alternatives from the sampled set of alternatives), making the
aggregation problem relatively straightforward. Thus, a more interesting case involves finding alternatives
with high disagreement. We quantify disagreement on an alternative as high variance in the ranks assigned
by each model to the alternative. From the pool of all 240 000 alternatives present in the dataset, we pick the
500 alternatives with the highest variance in ranks. Then in each round we sample alternatives randomly
from this high-disagreement set of 500 alternatives.

Finally, we generate approval sets by computing the utilities for each alternative as predicted by the country
model, and let the country approve (a) the alternatives with above-average utility, (b)/(d) the top 2 alternatives,
(c) the top 1 alternative.

As before, we use our voting rules to compute decision outcomes using the country models as voters. To
compare the voting rules to the performance of the combined model, we pick the alternative assigned the highest
utility by the combined model as its decision for the round. We present the results for random alternatives in
Figure 13 and for high-disagreement alternatives in Figure 14, in each case having run the experiments for 1000
trials.

For random alternatives (Figure 13), all rules perform very similarly except for Round Robin which performs
much worse, presumably because it misses opportunities for compromise. Looking at the results for high-
disagreement alternatives in Figure 14, we find it striking how Approval Voting (AV) and the Combined Model
attain almost identical values on each metric across parameter settings, and how these are quite different from
the values obtained by the proportional rules. For example, for the parameters of the experiment shown in
Figure 14(c), AV and the Combined Model choose the same decision in 87% of rounds, while the Combined
Model agrees with the five proportional in between only 61% (Perpetual Consensus) and 76% (PAV) of rounds.
Notably, the five proportional rules all feature a much smaller Gini coefficient and a higher satisfaction at the
25th percentile. The similar performance between AV and the Combined Model suggests that the Combined
Model exhibits a bias towards plurality and majority opinions. This contradicts a possible hope one might have
had that, because the Combined Model is trained based on an equal number of samples from each country, it will
“merge” their views roughly proportionally.

We see the results from this small experiment as a potential starting point for a larger research program
that studies how a global preference model trained on preferences of diverse agents makes decisions compared
to aggregation rules that explicitly take into account each individual’s preferences. Note that the results do
not imply that such models can or should be used in applications, or to automate moral reasoning. To move
in such a direction, we would need confidence that the models and methods take into account all relevant
considerations and are rigorously tested, and that such automation is a good idea in the first place. We just

Journal of Artificial Intelligence Research, Vol. 85, Article 17. Publication date: February 2026.



Proportional Aggregation of Preferences for Sequential Decision Making

Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.95 10.81 10.04
Round Robin 10.73 10.60 10.07
Approval Voting 10.96 10.83 10.04
Per. Consensus 10.93 10.79 10.05
Per. Quota 10.94 10.82 10.04
Seq. Phragmen 10.95 10.82 10.04
Equal Shares 10.96 10.83 10.04
PAV 10.96 10.83 10.04
0 123 0 1.07 0 0.08

(a) 100 rounds with each round having 50 alternatives and each voter approving above-average alternatives.

Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.95 10.81 10.04
Round Robin 10.66 10.53 10.07

Approval Voting 10.96 10.83 10.04

Per. Consensus 10.94 10.81 10.04
Per. Quota 10.94 10.82 10.04
Seq. Phragmen 10.96 10.83 10.04
Equal Shares 10.95 10.83 10.04
PAV 10.96 10.83 10.04

0 124 0 1.08 0 0.09

(b) 100 rounds with each round having 50 alternatives and each voter approving top 2 alternatives.

Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.91 10.67 10.08
Round Robin 10.59 10.42 10.10
Approval Voting 10.92 10.68 10.08
Per. Consensus 10.86 10.64 10.08
Per. Quota 10.89 10.68 10.07
Seq. Phragmen 10.91 10.67 10.08
Equal Shares 10.90 10.68 10.07
PAV 10.91 10.68 10.08
0 118 0 0.88 0 0.13

(c) 100 rounds with each round having 100 alternatives and each voter approving top 1 alternatives.

Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.87 10.52 10.12
Round Robin 10.54 10.31 10.14
Approval Voting 10.87 10.53 10.12
Per. Consensus 10.77 10.50 10.12
Per. Quota 10.83 10.54 10.11
Seq. Phragmen 10.86 10.52 10.12
Equal Shares 10.85 10.52 10.12
PAV 10.87 10.54 10.12
0 113 0 070 0 0.18

(d) 100 rounds with each round having 200 alternatives and each voter approving top 2 alternatives.

Fig. 13. Performance of the different rules on the Moral Machine Dataset based on random alternatives.
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Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.85 10.44 10.14
Round Robin 10.59 10.31 10.15

Approval Voting 10.86 10.45 10.14
Per. Consensus 10.69 10.44 10.14
Per. Quota 10.78 10.48 10.13

Seq. Phragmen 10.81 10.47 10.14
Equal Shares 10.79 10.45 10.13
PAV 10.81 10.47 10.13

0 111 0 0.61 0 0.19

(a) 100 rounds with each round having 50 alternatives and each voter approving above-average alternatives.

Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.86 10.45 10.14
Round Robin 10.52 10.28 10.15

Approval Voting 10.86 10.46 10.13

Per. Consensus 10.70 10.44 10.14
Per. Quota 10.79 10.48 10.13

Seq. Phragmen 10.80 10.47 10.13
Equal Shares 10.78 10.45 10.13
PAV 10.81 10.47 10.13

0 111 0 062 0 0.19

(b) 100 rounds with each round having 50 alternatives and each voter approving top 2 alternatives.

Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.83 10.36 10.17
Round Robin 10.48 10.21 10.18
Approval Voting 10.83 10.36 10.16
Per. Consensus 10.64 10.37 10.15
Per. Quota 10.74 10.40 10.15
Seq. Phragmen 10.75 10.38 10.15
Equal Shares 10.74 10.37 10.15
PAV 10.76 10.39 10.15
0 1.08 0 051 0 0.24

(c) 100 rounds with each round having 100 alternatives and each voter approving top 1 alternatives.

Average Utility 25th Percentile Utility Gini Coefficient
Combined Model 10.81 10.29 10.18
Round Robin 10.41 10.14 10.23
Approval Voting 10.81 10.29 10.18
Per. Consensus 10.63 10.30 10.16
Per. Quota 10.70 10.32 10.17
Seq. Phragmen 10.73 10.31 10.17
Equal Shares 10.71 10.30 10.17
PAV 10.73 10.32 10.17
0 1.05 0 041 0 0.29

(d) 100 rounds with each round having 200 alternatives and each voter approving top 2 alternatives.

Fig. 14. Performance of the different rules on the Moral Machine Dataset, based on high-disagreement alternatives.
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see these experiments as suggesting that if such automation were to be put in place, then taking fairness and
proportionality considerations into account would be important.

7 Discussion and Future Work

Extensions. Our model can be extended to make it compatible with more real-world applications. Examples
include allowing weighting issues by importance (Page et al. 2020), to allow for dependencies between issues
(Brill, Markakis, et al. 2023), or to allow voters to specify utilities or to rank alternatives instead of approvals
(D. Peters, Pierczynski, et al. 2021). The latter may be important as some issues may be more critical to certain
minority groups.

Open Problems. We leave some theoretical open problems for future work, notably whether an online rule
can satisfy Weak EJR — a negative result may be easier to find in this setting than for multi-winner voting.
Also open is whether MES can always be completed to satisfy PJR when all approval sets are non-empty. More
conceptually, are there stronger versions of (Weak) EJR for this setting that are still satisfiable? Can the concept of
proportionality degree (Skowron 2021) be adapted to our setting? What about FJR (Full Justified Representation),
EJR+, or the core? Elkind, Obraztsova, et al. (2025) recently defined an analog of the Greedy Cohesive Rule
(D. Peters, Pierczynski, et al. 2021) for the sequential setting, which would be a natural starting point for studying
FJR.

Strategic Issues. D. Peters (2018) proved an impossibility theorem showing that no proportional multi-winner
voting rule can be strategyproof : voters may be able to get a better outcome by misrepresenting their preferences.
For the special case of “approval-based apportionment” (Airiau et al. 2023; Brill, Gélz, et al. 2022), the impossibility
still holds (Delemazure et al. 2023; Lackner, Maly, and Nardi 2023). As this is also a special case of our model
(when the set of alternatives and voter preferences are the same in each round), it follows that no proportional
rule in our setting can be strategyproof. Note that the presentation order of issues can also affect the results of
online rules, offering another potential avenue for manipulation.
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A More Axioms from the Literature

In this section, we consider other proportionality axioms that have been introduced in prior work by Lackner and
Maly (2023), and discuss implication relationships among them (see Figure 1 in the main body). We also discuss
Pareto efficiency. Note additionally that a recent paper by Phillips et al. (2025), written after the conference
version of this paper, considers several additional proportionality axioms, including the axioms of FJR and EJR+
that strengthen our EJR axiom.

A.1 Quota for Closed Groups

Lackner and Maly (2023) proposed some relatively weak notions of proportionality in the perpetual voting
framework. One of their axioms applies only to “simple profiles” (where the set of alternatives and the approval
sets are the same in each round, with every voter approving just a single alternative, and the number of rounds
being equal to the number of voters). Then “simple proportionality” requires that the number of appearances
of alternatives in the output be equal to the number of voters approving them. This axiom is easily seen to be
implied by all the other proportionality axioms we consider. Thus, we focus on their axioms based on profiles in
which there are “closed groups”: groups of voters that submit identical approval sets in every round and such that
any voter outside the group approves a disjoint set of alternatives.

Definition A.1 (Closed Group). A group S C Nis closed if for every round j € {1,..., T}, it holds that (i) A§ *Q,
(i) A} = A;'.’ for all i,i’ € S, and (iii) A} N Aj-’ =@foralli€ Sandi’ € N\ S.

For example, in Figure 5, the group {4, 5, 6, 7, 8} is closed, and it is the unique closed group. In Figure 6, the
group {2, 3} is closed (but {1} is not closed due to having empty approval sets in some rounds).

Lackner and Maly (2023) defined axioms which bound the number of rounds in which the decision should be
one of the alternatives approved by a closed group.

Definition A.2 (Perpetual Lower Quota for Closed Groups). We say that a decision sequence D = (dy, ..., dr)
satisfies perpetual lower quota for closed groups® if, for every k, 1 < k < T, writing D, k= (dy, ..., dp) for the prefix
of D of length k, it holds for every voter i € N who is part of a closed group S that U’D:k > k- %J

Lackner and Maly (2023) also proposed perpetual upper quota for closed groups, which is defined in the same
way, except that the inequality at the end is “Uli):k < k- %]”. Because this is a different kind of property (avoiding
over-representation rather than guaranteeing representation), and because none of our rules satisfy it, we will
not study it in more detail.

Observe that perpetual lower quota for closed groups contains a requirement for all prefixes of the decision
sequence D. This makes the axiom “perpetual”. This is natural and desirable if the decision-making process is
online. However, in an offline setting, it is less natural, and so we can drop the perpetuality and define a weaker
axiom that is more broadly applicable.

Definition A.3 (Lower Quota for Closed Groups). A decision sequence D satisfies lower quota for closed groups if
for every closed group S, we have for every voter i € Sthat Up, > [T - |S|/n].

For an example, refer to Figure 6 where lower quota for closed groups would demand that each voter in S = {1}
should approve at least |6 - 1/3] = 2 decisions of the outcome, while each voter in §” = {2, 3} should approve at
least [6 - 2/3] = 4 decisions of the outcome.

We now show that lower quota for closed groups is implied by Weak PJR, and therefore also by the stronger
properties PJR and (Weak) EJR.

8Lackner and Maly (2023) call this axiom just “lower quota for closed groups”. We added the word “perpetual” to the name since we will
define below a weaker version suitable for the offline setting.
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THEOREM A.4. Weak PjR implies lower quota for closed groups.

Proor. Let D be a decision sequence that satisfies Weak PJR. Let S C Nbe a closed group. Write £ = |T - |S|/n].
Then |S| = (T - |S|/n) - '7—1. >t %, and S agrees in every round since it is a closed group. Thus, Weak PJR implies
that there are £ rounds where at least one member of S approves the decision of D. But because S is closed, this
means that in those £ rounds, every member of S approves the decision. Hence D satisfies lower quota for closed
groups. g

Similarly, an online rule that satisfies Weak PJR will thereby satisfy perpetual lower quota for closed groups.

A.2 Priceability

D. Peters and Skowron (2020) introduced an axiom called priceability to ensure proportionality and (approximately)
equal influence among voters in the setting of multi-winner voting. The essence of priceability lies in assigning
each voter an equal budget of virtual money, which they can only spend on alternatives they approve. Thinking
of the virtual money as voting power, the axiom ensures that each voter has approximately equal influence over
the outcome. Lackner and Maly (2023) extended priceability to the setting of perpetual voting and showed that
Sequential Phragmén (which they call Perpetual Phragmén) satisfies perpetual priceability. We state their axiom
below and discuss its relation to our axioms.

Priceability is based on the idea that it costs 1 unit of money to pay for the decision in 1 round. Then a “price
system” is used to split this cost between voters that approve this decision.

Definition A.5 (Price System). Suppose we are looking at the first k rounds.” A price system is a pair (B, {pjti<i)
where B > 0 is the budget that each voter starts with, and p; : N xC; — [0,1], for each j € {1,...,k}, is a
payment function where pj(i, c) will indicate how much agent i pays for candidate ¢ in round j. We say that a
decision sequence D = (dy, ..., dy) of length k is supported by the price system (B, {p;};<i) if

(P1) pj(i,c) = 0 whenever ¢ & Al ie., no voter pays for non-approved alternatives.

(P2) 25:1 ZceC, pj(i, ¢) < B, i.e., voters cannot spend more than their budget.
(P3) Yienpi(i-dj) = 1for j € {1,...,k}, i.e., each decision of D gets a total payment of 1.
(P4) YN pi(i,d) = Oforj €{1,...,k} and d # d}, i.e., decisions not included in D do not receive any payments.

To define priceability for perpetual voting, Lackner and Maly (2023) propose the concept of a minimal price
system which intuitively requires that no money is wasted at any time step.

Definition A.6 (Minimal Price System, Lackner and Maly 2023). Consider a decision sequence D = (dy, ..., dy) of
length k supported by a price system (B, {Pj}jsk) satisfying conditions (P1)-(P4) of Definition A.5. If k = 0 (so
that D = ()), we say that the price system is minimal if B = 0. If k > 1, we say that the price system is minimal if
it satisfies the following two conditions:

(P5) there exists a minimal price system (B*, { P;}jgk—l) that supports (dy, ..., dr_1)
(P6) there are no B’,d{ and pj, such that B* < B’ < Band (B’,{p}j<k—1 U {p}} ) is a price system supporting
(dy, ..., di—1, &).

We can now define perpetual priceability.

Definition A.7 (Perpetual Priceability, Lackner and Maly 2023). A decision sequence D satisfies perpetual
priceability if there exists a minimal price system that supports D.

9We use a variable k instead of the total number of rounds T since the definition of perpetual priceability concerns decision sequences that are
shorter than the full time horizon T.
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With the above definition in place, we will now show that perpetual priceability implies Weak PJR. (Similarly,
in multi-winner voting, priceability implies multi-winner PJR (D. Peters and Skowron 2020).) The proof below
follows the same style as a proof by Lackner and Maly (2023) that perpetual priceability implies perpetual lower
quota for closed groups (Definition A.2).

THEOREM A.8. For decision sequences of length T, Perpetual Priceability implies Weak PJR.

Proor. Let D = (d,d, ..., dy) be a decision sequence of length T that satisfies perpetual priceability. Assume
for a contradiction that D violates Weak PJR. Thus, there is £ € IN and a group S € N which agrees in all the T
rounds, has size [S|=s > ¢- %, but there are fewer than € rounds in which at least one member of S approves the
decision in D.

Let (B, {Pj}jsT) be a minimal price system that supports D. Note that B > T /n, as otherwise it would not be
possible to pay for T decisions. Assume first that B = T /n. Then no budget is left after round T, and thus every
voter has spent their entire budget B. Thus, the total payment of voters in Sis |S| - B = |S] - 5 > L. Since each
decision is made using 1 unit, in total S must have paid for the decision in at least £ rounds. As a voter only pays
for an alternative they approve, it follows that in each of those ¢ rounds, at least one voter in S approves the
decision. Hence, Weak PJR is satisfied.

So assume B > 5 Let e = s- B—{. Note thate > E% . ’Z; — ¢ = 0. By inductively using the property (P5) of the

definition of minimal price systems, for every 1 < r < T, we can find a price system (B,_;, {p}r_l)}jgr,l) that

witnesses the minimality of the price system (B,, {P](-r)}jgr), where (Br, {p](T)}ng) = (B,{pj}i<1)

We claim that B; < B. Observe that in the first round B; < 1/s must hold, as with a budget of 1/s the voters in
S can together afford one of the alternatives that they jointly approve; thus B; > 1/s would contradict minimality
in round 1. Moreover, we can assume that £ > 1 as otherwise Weak PJR is trivially satisfied. Thus s > % and
hence n/s < T. Also, by assumption, B > T /n. Putting all of this together, we get

B<i<i<n
S n

Now let r* be the largest index r for which B, < B. Recall that at the end, By = B, and thus * < T. In addition, by
minimality of the price system for the entire sequence, we see that B« ; = B. We claim that there exists a budget
B’ with B+ < B’ < By+;1 = B, an alternative a’ € G+, 4, and a price p/. ., such that (B’, {pjr )}er* Uip/qd)is
a price system supporting the decision sequence (dj, ..., d+,a’). This would be a contradiction to the minimality
(r*+1)
of Bri1.{p; ~ Y<rt1):
Let @’ be an alternative approved by everyone in S in round r* + 1. Furthermore, let

B’ = max(B —€/s, B;+).
Observe that B, < B’ < B. We now compute the remaining budget of voters in S, after paying for the first r*

rounds according to the price system { pj(r )}jgr* with initial budget B’. By the failure of Weak PJR, at most £ — 1
decisions in the entire sequence D are approved by some member of S, and thus the same is true for the sequence
restricted to the first r* rounds. Thus, the members of S have spent at most £ — 1 units in the first 7 rounds. Since
they start out with a total budget of sB’, we see that the voters in S have a remaining budget of at least

B -(t-1D>2s(B-)-(-D=(B-0-e+1=1,

by our choice of €. Hence, now we can define p/.,, such that } ;s pls,(i,a’") = 1 and p/«,(i’,c) = 0 whenever
i’ ¢ Sorc = a’. Hence, this is a price system that supports (d;, ..., d,+,a’) which contradicts the minimality of

B.Apiti<cr+1)- O
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Fig. 15. Example instance where a rule may produce a perpetually priceable outcome which may not satisfy JR.

As perpetual priceability implies Weak PJR, one may wonder whether it implies stronger axioms. Since
Sequential Phragmén satisfies perpetual priceability (Lackner and Maly 2023) but fails Weak EJR (Theorem 4.2), it
follows that perpetual priceability does not imply Weak EJR. The next result shows that it does not imply PJR
either.

THEOREM A.9. Perpetual Priceability does not imply PJR.

Proor. Consider the decision instance shown in Figure 15 with T = 4 rounds and N = {v,, ..., v} with each
voter having a single-alternative approval set in each round. Consider the decision sequence D = (a, h, h, h).
We show that it satisfies perpetual priceability but fails PJR.

In the first round, everyone has a disjoint approval set, so no matter which alternative is chosen in this round,
one voter needs to pay its entire cost. Thus, any price system supporting the decision in the first round must
have B; = 1. Setting p;(v;, @) = 1 and p;(i,c) = 0 for alli # v; and all ¢ # a, we obtain a minimal price system
(B1, p1) supporting D’ = (a).

Thus, from the first round, we know that any minimal price system will need to use a per-voter budget of
at least 1; we will actually construct a price system for all four rounds with budget exactly 1, which implies
minimality. Now, after round 1, voter v; has spent all of its money while other voters have their entire budget
remaining. In round 2, h can be bought by each of its supporters paying % unit as 3 - % = p = 1. Similarly, & can
be bought in rounds 3 and 4 as well without requiring to increase the budget of anyone. This defines payment
functions p,, p3, and p, for those rounds, and setting B = 1, we obtain a minimal price system (B, {pj}j@)
supporting D. Thus, D satisfies perpetual priceability.

However, D fails PJR: Consider the coalition S = {w,, »} which agrees in the last k = 3 rounds. For £ = 1,

we have |S] > € - % = g = 2. Thus, PJR requires that at least 1 decision in the outcome must be approved by S.
However, no one in S approves either @ or h, and thus D fails PJR. Hence, perpetual priceability does not imply
PJR. O

Remark A.10. In the example in Theorem A.9, we used a requirement of £ = 1 rounds, so the proof of
Theorem A.9 shows that perpetual priceability does not even imply JR.

Note that perpetual priceability implies PJR for coalitions that agree “initially”, that is they agree in an initial
set of rounds R* = {1, ..., k} (since by definition of perpetual priceability, the decision sequence restricted to the
first k decisions is itself perpetually priceable, and therefore this restricted sequence satisfies Weak PJR, which
is enough to imply PJR with initial agreement). Note that the example in Theorem A.9 does not feature initial
agreement.
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Fig. 16. Example instance where both MES and Sequential Phragmén produce Pareto inefficient outcomes.

In future work, it would be interesting to define a notion of priceability that applies to our setting without
an implicit assumption of being online (that is, without necessarily requiring that all prefixes of the decision
sequence are themselves priceable).

A.3 Pareto Efficiency

Pareto efficiency forbids that we use our available resources suboptimally. Formally, an outcome is Pareto efficient
when it is impossible to change the outcome so as to make some individual better off without making anyone
else worse off.

Definition A.11 (Pareto Efficiency). A decision sequence D is Pareto efficient if there does not exist another
decision sequence D’ € C;y x C, x -+ x Cr such that for all i € N, Up, > Up, and there is some voter i € N such
that Up, > Uy,

Unlike our other axioms, Pareto efficiency is not about proportionality (since a Pareto efficient outcome can
be very non-proportional). However, it is interesting to see if any of our rules satisfy Pareto efficiency, and
therefore combine an efficiency guarantee with proportionality. Since it maximizes a function of voter utilities,
PAV satisfies Pareto efficiency, while also satisfying our strongest proportionality notions. On the other hand,
MES and Sequential Phragmén fail Pareto efficiency. This makes PAV a compelling rule for multi-issue collective
decision making, when an NP-hard offline method is acceptable. (The outcome of Local-Search PAV need not be
Pareto-efficient.)'”

THEOREM A.12. The decision sequence produced by PAV is Pareto efficient.

Proor. Suppose for a contradiction that the decision sequence D produced by PAV is not Pareto efficient. Then
there exists another decision sequence say D’ such that for all i € N, Up,, > Up, and there is some voter v € N
such that UB, > UB. Thus, because the harmonic series is strictly increasing, the PAV-score of D’ is

PAV-score(D’) = E 1+ 1 + 1 + o+ L > PAV-score(D)

. 23 Ui,
iEN D

which contradicts that PAV selects the decision sequence which maximizes the PAV-score. O

THEOREM A.13. The decision sequence produced by MES and Sequential Phragmén may not be Pareto efficient.

Proor. Figure 16 shows an example where both MES and Sequential Phragmén fail Pareto efficiency, with T = 7
rounds and n = 7 voters. Here, voters 1 and 2 agree in the first 2 rounds on a, but neither of them agrees with
anyone else in other rounds. Meanwhile, voters 3,4, 5, 6, 7 agree in all rounds on ‘b. Both Sequential Phragmén

OHere is an example where a local optimum of the PAV score may fail Pareto efficiency. The example also works for multi-winner elections.
There are two rounds with identical approval sets in both rounds, and five voters with approval sets {a, ¢, d}, {a, c},{a, d}, {b, ¢}, {b, d}. The
outcome (a, b) is Pareto dominated by (c, d) because the latter is strictly preferred by the first voters, and the other four voters are indifferent.
However, no swap can strictly improve the PAV score of (a, b).
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and MES would produce D = (b, b, b, b, b, c, d) (or breaking ties differently, with d in round 6 and ¢
in round 7) but the decision sequence D” = (a, a, b, b, b, b, b) Pareto dominates D as UB, =2> Ué =1
while U]iy > Uli) for all i € N. Intuitively, it is better to satisfy voters 1 and 2 using the efficient choice a which
is available in the first two rounds, rather than using the less efficient alternatives ¢ and d. But due to their
(semi-)online nature, neither MES nor Sequential Phragmén can know that an alternative as good as ‘@ will not
be available in later rounds. 0

In the example in the proof of Theorem A.13, Offline MES can select the same Pareto inefficient decision
sequence, so it also fails Pareto efficiency.

B Omitted Proofs from the Main Text

B.1 Impossibility of Stronger Guarantees: More Details

Here we give proofs and additional results related to the discussion in Section 5. The results are based on a
counterexample construction formally described in the following result. It has the following structure: fix some
coalition size s < n of interest. In the first k rounds, for each of the ('SI) subsets S C N of size s, there is an
alternative ag with all voters in S approving as. Thus, all these coalitions agree in k rounds, and thus the impossible
axioms we will consider guarantee all of these coalitions some representation. However, k rounds is not enough
to “hit” enough of these coalitions, and in the remaining T — k rounds, voters are in complete disagreement
(i.e., the approval sets of any two voters are disjoint) and so there are not enough rounds to make up the deficit
accrued in the first k rounds.

THEOREM B.1. Lete > 0. Choose some k > [1T_e] and some T > k. Then for sufficiently large n, there exists an
instance with n voters and time horizon T such that for every decision sequence D, there is a coalition S C N that
agrees in k rounds and has size |S| 2 (1 —¢€) - z, yet none of the voters in S approve any of the decisions of D.

k(T+1)
ek+e—1"

nlek +e—1) > k(T + 1).

Proor. Pick n € N such thatn > Note for later that (because ek +€—1 > 0, since k > [1?_6]) we have

Adding nk to both sides, and rearranging,
nk>n-(1—¢)-k+n(1—¢€)+k(T+1).

Finally, dividing by k, we get
n(1—e)

nzn(l—e)—i—T—i—T—i—l. (2)

We now construct an instance with n voters and time horizon T. Write s = [(1 —€) - %] In each of the first k

rounds, there are (2) many alternatives, one for each coalition S C N with |S| = s, that is approved by exactly the
voters in S. In the remaining T — k rounds, there are n alternatives, each approved by a distinct voter (thus each
voter has a singleton approval set in those rounds, and no two voters approve the same alternative).

Let D be any decision sequence. We first compute how many voters approve at least 1 decision in D. In the
first k rounds, the decisions in D can satisfy at most k - s different voters. In the remaining T — k rounds, at most 1
voter can be satisfied per round, so at most T — k in total. Hence the number of satisfied voters is at most

k~s+(T—k)=k-[(l—e)~%]+(T—k)
<Sn-(1-e)+k+(T—-k)
=n-(1—-¢)+T.
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Thus, the number of voters who approve none of the decisions in D is at least

@
n—(n-(1-e)+T) > 1
Take any set S C N of exactly s voters who approve none of the decisions in D. By construction of the instance,
they agree in the first k rounds (since they approve the alternative constructed for that coalition), and |S| = s =
[(1—¢)- %] Thus, S satisfies the conditions promised in the theorem statement. O

+12s.

From Theorem B.1, it follows immediately that for all € > 0, a decision sequence satisfying e-Stronger PJR may
not exist (as defined in Section 5), so Theorem 5.1 from the main body is proven. In fact, this proof establishes the
non-existence even for an analogously defined notion of e-Stronger JR.

We can use the same counterexample construction to show that some other related axioms are impossible to
satisfy in general. In particular, a natural idea of defining PJR for our setting is by requiring that a group large
enough to deserve ¢ decisions only needs to agree in € rounds (instead of in T rounds). This corresponds perhaps
most closely to the original definitions of PJR and EJR for multi-winner voting which, in the context of electing
k candidates, requires agreement on £ candidates not k candidates. It also corresponds to the definition of PJR
proposed by Freeman et al. (2020) who study multi-winner voting with a variable number of winners, which is a
special case of our model where in each round, only 2 alternatives are available (“add c to the committee”, “do not
add c to the committee”). However, this version of the PJR axiom cannot always be satisfied.

COROLLARY B.2 (£-AGREEMENT PJR NEED NOT EXIST). There exists an instance where no decision sequence D
satisfies ‘t-Agreement PJR”, defined to require that for every £ € IN and every group of voters S C N that agrees in
at least £ rounds and that has size |S| > € - %, there are at least € rounds j with d; € | J;cg A}

ProoF. Invoke Theorem B.1 with € = 0.5, k = 4, and T = 40. The theorem gives an instance where for every
decision sequence D, there is a group of voters S C N which agrees in 4 rounds, has size |S| > (1 —¢€) - % =

0.125-n>0.1-n=4- % but none of the voters in S approve any of the decisions in D, violating £-Agreement
PJR. O

When there are only 2 candidates in every round, Sequential Phragmén, MES, and PAV all satisfy this property
(Freeman et al. 2020).

Following Do et al. (2022), we now consider two relaxations of the £-Agreement PJR axiom which introduce
multiplicative approximations by a factor . We show that for each constant 0 < « < 1, there are instances where
even this relaxed version is not satisfiable.

The first relaxation only requires the group to approve |« - £] decisions instead of € decisions.

COROLLARY B.3 (a-£-AGREEMENT PJR NEED NOT EXIST). Let 0 < a < 1. There exists an instance where no decision
sequence D satisfies “a-t-Agreement PJR”; defined to require that for every { € IN and every group of voters S C N
that agrees in at least £ rounds and that has size |S| > € - % there are at least | - t] rounds j € R with d; € Uies A}.

Proor. Invoke Theorem B.1 with € = 0.5, k = [i], and T = [%] to obtain an instance. Assume that D is a
decision sequence satisfying a--Agreement PJR. The theorem says that there exists a group S which agrees in k
rounds and has size [S| > 0.5 - z and such that none of the decisions in D are approved by any member of S.

Write £ = k. Note that S agrees in £ rounds and (using the fact that [x] < 2x for all x > 1) that

n n n 2 n n
S|>205--=05-——205-—==--——2>1{ -,
s> k 1/a] = 2/a  a 8/a?” T
Hence, a-t-Agreement PJR requires that in at least |a - £] = |a - [i]] > |a- i] = 1 rounds, at least one member of
S approves the decision of D, contradiction. O
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The second relaxation requires that the coalition agrees in £/« rounds to be guaranteed to approve £ decisions.

COROLLARY B.4 (f/a-AGREEMENT-PJR NEED NOT EXIST). Let 0 < a < 1. There exists an instance where no
decision sequence D satisfies “t/a-Agreement-PJR’, defined to require that for every £ € N and every group of voters
S C N that agrees in at least £/« rounds and that has size |S| > ¢ - % there are at least £ rounds j with d; € | ;g Aj.

Proor. Invoke Theorem B.1 withe = 0.5, k = [i], and T = [%{] to obtain an instance.

Assume that D is a decision sequence satisfying £/a-Agreement-PJR. The theorem says that there exists a
group S which agrees in k rounds and has size |S| > 0.5 - % and such that none of the decisions in D are approved
by any member of S.

Write £ = 1. Note that S agrees in k = [i ] 2 = rounds and that

t
a
oo ,n
2/a  4/a T

Hence ¢/a-Agreement PJR requires that in at least £ = 1 rounds, at least one member of S approves the decision
of D, contradiction. O

|s|>o.5-%>o.5.

We have seen several axioms that cannot always be satisfied. However, we could hope to find rules that
satisfy these axioms whenever they are run on an instance where there exists a decision sequence satisfying
this axiom. While there are certainly artificial offline rules doing this (e.g., the rule that outputs an arbitrary
sequence satisfying the axiom should one exists, and otherwise outputs the PAV sequence), it is not clear if there
are natural such rules.

Online or semi-online rules, however, provably cannot satisfy such a property, as one can see by adapting
the counterexample construction of Theorem B.1: The first T — 1 rounds remain exactly the same as in that
construction. We observe the decisions made by the online rule in these rounds. In the last round, take s+ 1 voters
who do not approve any of the decisions made thus far, and have each of them approve a distinct alternative
(like in the original construction). For the remaining n — (s + 1) voters, introduce an alternative c that they all
approve. No matter which alternative the rule chooses in round 7, there remain s voters who do not approve
any decision, leading to a violation. However, a violation could have been avoided by choosing in round 1 an
alternative commonly approved by s of the s + 1 voters, and choosing c in round T. Thus, we have arrived at a
situation where a violation-free decision sequence exists but an online (or semi-online) rule cannot find it as we
alter the input based on its past decisions. This proves Theorem 5.2 from the main body. This kind of construction
works for all the axiom variants we have considered in this section.

B.2 Can Online Rules Satisfy Weak EJR?

We have seen that the online rule Sequential Phragmén fails Weak EJR, while the semi-online MES satisfies
Weak EJR. Is it possible for an online rule to satisfy EJR or Weak EJR? For E]JR, this question has been answered
in the negative by Elkind, Obraztsova, et al. (2025), even for semi-online rules. For Weak EJR, we do not know
the answer to this question.!! However, we show that any online rule that satisfies Weak EJR for sequential
decision making can be translated into a multi-winner voting rule that satisfies EJR and committee monotonicity.
As Lackner and Skowron (2023, Sec. 7.1) write, a “main open question is whether there exist [approval-based
multi-winner] rules that satisfy EJR and committee monotonicity”. Thus, we leave finding an online rule that
satisfies (Weak) EJR as a challenging problem for future work.

In the remainder of this section, we describe the way in which an online decision rule can be used as a
multi-winner voting rule. To do so, we must first give basic definitions about the latter topic.

n the special case where the set of available alternatives and the approval sets are the same across rounds, a known online method satisfies
EJR (Brill, Golz, et al. 2022, Theorem 4.3). Sequential Phragmén fails Weak EJR even in this special case (Theorem 4.2).
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Definition B.5 (Multi-winner Voting Rule). Given a set of voters N, a set of alternatives C, a profile of approval
sets A = (A");en (with A’ C Cfor alli € N), and a desired committee size k, a multi-winner voting rule foutputs
a committee f(N,C, A, k) =W C Cwith [W|=k.

Note that we have defined multi-winner voting rules to be resolute, so they break any ties internally.

Intuitively, a multi-winner voting rule is said to be committee monotonic if it selects the winning committee for
size k by first computing the winning committee for size k — 1, and then adding a kth alternative. Thus, when an
alternative is a member of the winning committee, it can never become a losing alternative when the committee
size k is increased.

Definition B.6 (Committee Monotonicity, Elkind, Faliszewski, Skowron, et al. 2017). A multi-winner voting rule f
satisfies committee monotonicity if for all N, A, C, and k > 1, we have f(N,C, A,k —1) C f(N,C, A, k).

We refer to the EJR axiom originally proposed for the multi-winner voting context by Aziz, Brill, et al. (2017)
as Multi-Winner EJR to distinguish it from our axioms for the sequential context.

Definition B.7 (Multi-Winner EJR). Let k be the desired committee size. A committee W satisfies Multi-Winner
EJR if for every £ € N, for every group of voters S C N of size |S| > € - ;—Cl with |();eg A'| > ¢, there is at least one
voter i € Swith [W n A'| > &.

We can now formally state our reduction.

THEOREM B.8. An online decision rule that satisfies Weak EJR in sequential decision making induces a multi-winner
voting rule that simultaneously satisfies Multi-Winner EJR and committee monotonicity.

Proor. Let fbe an online decision rule that satisfies Weak EJR. We will derive a multi-winner voting rule by
describing a procedure that, given a profile of approval sets, selects alternatives in some order one-by-one until
all alternatives have been selected. Let us label the alternatives in order of selection as dj, ..., dy,;. To obtain a
committee of size k, we will take W = {d|, ..., di}. By construction, such a method must be committee monotonic.

So let Nbe a set of voters, C be a set of alternatives, and A = (A");cy be a profile of approval sets over C. We
use our online rule fin the following adaptively constructed sequence of T = |C| rounds. In round 1, the set of
available alternatives is C; = C, and the approval sets are A} = Al for every i € N. We apply fto this round and
thereby obtain dj, the first selected alternative.

Thereafter, in round j = 2,...,m, we have already obtained a sequence of decisions dj, ..., dj—l which we
will assume inductively are pairwise distinct. In round j € R, we take the set of available alternatives to be
Cj = C\{d, ..., d;j_1}. Further, we take the approval sets to be A;- = Aln Cjforalli € N. Then we apply our rule
fto obtain the next decision dj, which by choice of C; is distinct from all prior decisions.

To finish, we need to prove that the multi-winner voting rule we have defined satisfies Multi-Winner EJR. Let
k be a desired committee size, and let W = {d|, ..., d}. Let £ € N and suppose that S C N is a group of voters
with |S] > ¢ - % and |(;es A| > €. Assume for a contradiction that every member of S approves at most £ — 1
alternatives in W. Then there must exist an alternative a that all members of S approve, but that is not a winner:
ac<s A\ W. Now consider the decision instance given by the first k rounds constructed above (thus, having
time horizon T = k). For that decision instance, note that S forms a group of voters that agrees in every round
(because a € Cjforall j = 1,...,k). Also S| > ¢ % Hence, because fsatisfies Weak EJR, there is a voter i € S who

approves at least ¢ of the decisions made by fon this decision instance, a contradiction. g
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