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Task: Rank aggregation 
combining several rankings 
into one summary ranking

Benchmark method: Kemeny 
take the ranking that minimizes  
total swap distance to the inputs 

but: hard to compute, hard to explain output

Our paper: Simple methods using Scoring Rules 
based on how often an alternative is ranked top 

(plurality), or its average rank (Borda), or  
number of times it is ranked bottom (veto)

Three schemes of scoring-based rank aggregation rules:
Examples: Sequential Plurality Winner
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Examples: Sequential Plurality Loser
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Examples: Plurality Score
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Sequential Plurality Winner Sequential Plurality Loser

Rank by Plurality Score

“Repeatedly take the 
highest-score 

alternative and put it 
in top position”

“Repeatedly take the 
lowest-score 

alternative and put it 
in bottom position”

“Sort alternatives by score”

Applications

Sequential Winner 
(no prior literature?)

- order to make job offers 
- party lists for elections


Sequential Loser

well-known in voting theory: 
= instant runoff voting used 
in Australian elections. 
Variants: Baldwin, Coombs


Rank by Score

- Eurovision Song Contest

- “ARTU” aggregated 
university rankings 
- rank by Olympic medals

- participatory budgeting

Axiomatic Analysis Some of our rules get “axiomatically close” to the Kemeny rule.
Score Sequential-Winner Sequential-Loser

Kemeny Plurality Veto Borda Plurality Veto Borda Plurality Veto Borda

Independence at the top X X X X
Independence at the bottom X X X X
Reinforcement X X X X X X X X X X
Reinforcement at the top X X X X X X
Reinforcement at the bottom X X X X X X
Condorcet winner at top X X
Copy majority X X X
Independence of clones X

Table 1: An overview of the axiomatic properties of our studied rules. See Appendix A for
definitions.

For example, this lemma establishes a close connection between Seq.-Veto-Winner and
Seq.-Plurality-Loser, as a ranking � is selected under Seq.-Veto-Winner on profile P if and
only if rev(�) is selected under Seq.-Plurality-Loser on profile rev(P ). This equivalence will
prove useful in our axiomatic analysis and in our complexity results.

4. Axiomatic Properties

In this section, we will briefly and informally discuss some axiomatic properties and characteriza-
tions of the methods in our three families. A more formal treatment appears in Appendix A. See
Table 1 for an overview.

A desirable property of a ranking aggregation rule is that if one candidate is deleted from
the profile, then the relative rankings of the other candidates does not change (independence
of irrelevant alternatives, IIA). Arrow’s [1951] impossibility theorem shows that this property
cannot be satisfied by unanimous non-dictatorial rules. Young [1988] proves that Kemeny’s
method satisfies a weaker version that he calls local IIA: removing the candidate that appears
in the first or last position in the Kemeny ranking does not change the ranking of the other
candidates. Splitting this property into its two parts, we can easily see from their definitions
that Seq.-s-Winner satisfies independence at the top, and Seq.-s-Loser satisfies independence at
the bottom.
Another influential axiom is known as consistency or reinforcement. A rule f satisfies rein-

forcement if whenever some ranking � is chosen in two profiles, � 2 f(P ) \ f(P 0), then it is
also chosen if we combine the profiles into one, and in fact f(P + P

0) = f(P ) \ f(P 0). All the
methods in this paper satisfy reinforcement. Notably, Young [1988] shows that Kemeny is the
only anonymous, neutral, and unanimous rule satisfying reinforcement and local IIA. Focusing
on Seq.-s-Loser, Freeman et al. [2014] define reinforcement at the bottom to mean that if the
same candidate c is placed in the last position in the selected ranking in two profiles, then c

is also placed in the last position in the selected ranking in the combined profile. They show
that independence at the bottom and reinforcement at the bottom characterize Seq.-s-Loser
rules (under mild additional assumptions). Using Lemma 3.5, a simple adaptation of their proof
shows that Seq.-s-Winner rules can be similarly characterized by independence at the top and
reinforcement at the top. (s-Score methods do not satisfy similar independence assumptions;
they have been characterized by Levenglick [1977] and Smith [1973].)
Refining their characterization of Seq.-s-Loser rules, Freeman et al. [2014] characterize

Seq.-Plurality-Loser (aka STV) as the only Seq.-s-Loser rule satisfying independence of clones
[Tideman, 1987], Seq.-Veto-Loser (aka Coombs) as the only one that, in case a strict majority of
voters have the same ranking, copies that ranking as the output ranking, and Seq.-Borda-Loser
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Complexity Analysis Due to tie-breaking, it’s hard to decide 
which alternatives can rank highly.

n k n+ k m

Sequential-Plurality-Winner NP-c. W[1]-h., XP W[1]-h., XP FPT FPT
Sequential-Veto-Winner NP-c. FPT W[2]-h., XP FPT FPT
Sequential-Borda-Winner NP-c. NP-h. for n = 8 W[1]-h., XP ? FPT

Table 3: Our results for Sequential-Winner rules. All hardness results hold for the Top-k

Determination problem; all algorithmic results also apply to the general Position-k
Determination problem.

Theorem 6.2. Winner Determination for Sequential-Plurality-Loser (aka STV) is NP-hard.

Proof. We reduce from the NP-hard variant of Satisfiability where each clause contains at
most three literals and each literal appears exactly twice Berman et al. [2003]. Let ' be a formula
fulfilling these restrictions with clause set F = {c1, . . . , cm} and variable set X = {x1, . . . , xn}.
Let L = X [ X be the set of literals. We construct a ranking profile with candidate set
C = {d, w} [ F [ L, where d is our designated candidate, and the following voters:

100 voters d � . . .

99 voters w � d � . . .

98 voters cj � w � d � . . . 8j 2 [m]

60 voters ` � ` � w � d � . . . 8` 2 L

2 voters ` � cj � w � d � . . . 8` 2 L, j 2 [m] where ` appears in cj

For this ranking profile, in every execution of Sequential-Plurality-Loser the first n eliminated
candidates must be a subset L

0
✓ L of literals such that for every variable we select either

its positive literal or its negative literal (but not both). In other words, L
0 must satisfy

` 2 L
0
$ ` /2 L

0. To see this, note that all literal candidates initially have a Plurality score
of 64, which is the lowest Plurality score in the profile, and that all other candidates have
a higher Plurality score. Thus, in the first round an arbitrary literal ` of some variable x is
eliminated. This increases the Plurality score of the opposite literal ` to 124. In the second
round, we have to eliminate again an arbitrary literal (however, this time a literal corresponding
to a variable di↵erent from x). We repeat this process for n rounds until for each variable
exactly one of the corresponding literals has been eliminated. We claim that an execution of
Sequential-Plurality-Loser eliminates d last if and only if the assignment that sets all literals
from L

0 to true satisfies '.
Suppose ' is satisfied by some variable assignment ↵, and consider an execution of

Sequential-Plurality-Loser that begins by eliminating the n literals set to true in ↵. After
this, the scores of the remaining candidates are:

(i) d has 100 points,

(ii) w has 99 points,

(iii) cj for j 2 [m] has between 100 and 104 points (as at least one of the literals occurring in cj

has been eliminated), and

(iv) each literal ` 2 L set to false by ↵ has 124 points.

In the next round, w is eliminated, reallocating its 99 points to d. Then, in the next m rounds,
each clause candidate cj is eliminated, in each round reallocating its points to d. Finally, the
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n m

Sequential-Plurality-Loser (STV) NP-c.[known] FPT FPT
Sequential-Veto-Loser (Coombs) NP-c.[known] W[1]-h., XP FPT
Sequential-Borda-Loser (Baldwin) NP-c.[known] NP-c. for n = 8 FPT

Table 2: Our results for Sequential-Loser rules. All hardness results hold for Winner Deter-

mination; all algorithmic results also apply to Position-k Determination. The
unparameterized NP-hardness results in the first column were already stated or proven
by Conitzer et al. [2009] and Mattei et al. [2014]

6.1. Parameter Number of Candidates

We start by considering the parameter m, the number of candidates. It is easy to see that
Position-k Determination for all Sequential-Winner and Sequential-Loser rules is fixed-
parameter tractable with respect to m (by iterating over all m! possible output rankings).
However, it is possible to improve the dependence on the parameter in the running time.

[Proof]Theorem 6.1. For every scoring system s, Position-k Determination can be solved in

• O(2m · nm
2) time and O(mk

· nm
2) time for Sequential-s-Winner, and

• O(2m · nm
2) time and O(mm�k

· nm
2) time for Sequential-s-Loser.

Proof (algorithm). We present an algorithm for Seq.-s-Winner (the results for Seq.-s-Loser di-
rectly follow from this by applying Lemma 3.5). We solve the problem via dynamic programming.
We call a subset C 0

✓ C of candidates an elimination set if there is a selected ranking where the
candidates from C

0 are ranked in the first |C 0
| positions. We introduce a table T with entry T [C 0]

for each subset C 0
✓ C of candidates. T [C 0] is set to true if C 0 is an elimination set. We initialize

the table by setting T [;] to true. Now we compute T for each subset C 0
✓ C in increasing order

of the size of the subset using the following recurrence relation: We set T [C 0] to true if there is a
candidate c 2 C

0 such that T [C 0
\ {c}] is true and c is an s-winner in P |C\(C0\{c}).

After filling the table, we return “true” if and only if there is a subset C
0
✓ C \ {d} with

|C
0
| = k � 1 such that T [C 0] is true and d is an s-winner in P |C\C0 . By filling the complete table

we get a running time in O(2m ·nm
2). However, it is su�cient to only fill the table for all subsets

of size at most k � 1, resulting in a running time in O(mk
· nm

2).

6.2. Sequential Loser

We study Seq.-Plurality/Veto/Borda-Loser (aka STV, Coombs, and Baldwin). The Winner

Determination problem is NP-hard for all three rules. Table 2 shows an overview of our results.
In particular, we get a clear separation of the rules for the number n of voters:

• Seq.-Plurality-Loser admits a simple FPT algorithm,

• Seq.-Veto-Loser is W[1]-hard but in XP,

• Seq.-Borda-Loser is NP-hard for 8 voters.

6.2.1. Plurality

Conitzer et al. [2009] stated that Winner Determination for Seq.-Plurality-Loser (aka STV)
is NP-hard. This result has been frequently cited and used. The proof was omitted in the
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our most technically 

challenging results

3 similar rules, but different 
parameterized complexity!

Dependence 2m, 
comes with ETH 

lower bound

Decision problem: can candidate c 
appear in the top k positions? parameter number of voters

parameter number of candidates

Decision problem: can candidate c  
appear in the top position? (aka winner determination)

was known (2009) 
but proof omitted

proof technique based on  
McGarvey’s theorem

Simulations We see how similar our rules are to each other and to Kemeny, in random 
profiles sampled according to the Mallow’s phi model (with a ground truth).
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Figure 1: Pairwise average normalized swap distance between rankings produced by di↵erent
methods for Plurality (solid) and Borda (dashed) on Mallows profiles with 10 candidates
and 100 voters.

(aka Baldwin) as the only one always placing a Condorcet winner in the first position. Using
Lemma 3.5, we can similarly characterize Seq.-Plurality-Winner as the only method in its class
that copies a majority ranking.

5. Simulations

We analyze our three families of scoring-based ranking rules for Plurality and Borda on syntheti-
cally generated profiles.

5.1. Setup

To deal with ties in the computation of our rules, each time we sample a ranking profile over
candidates C, we also sample a ranking �tie 2 L(C) uniformly at random and break ties according
to �tie for all rules. To quantify the di↵erence between two rankings �1,�2 2 L(C), we use their
normalized swap distance, i.e., their swap distance (�1,�2) divided by the maximum possible
swap distance between two rankings

�m
2

�
.

(Normalized) Mallows We conduct simulations on profiles generated using the Mallows model
Mallows [1957] (as observed by Boehmer et al. [2021] real-world profiles seem often to be close
to some Mallows profiles). This model is parameterized by a dispersion parameter � 2 [0, 1]
and a central ranking �

⇤
2 L(C). Then, a profile is assembled by sampling rankings i.i.d. so

that the probability of sampling a ranking � 2 L(C) is proportional to �
(�,�⇤). We use the

normalization of the Mallows model proposed by Boehmer et al. [2021], which is parameterized by
a normalized dispersion parameter norm-� 2 [0, 1]. This parameter is then internally converted
to a dispersion parameter � such that the expected swap distance between a sampled vote and
the central vote is norm-� · (m(m� 1)/4). Then norm-� = 0 results in profiles only containing
the central vote, and norm-� = 1 leads to profiles where all rankings are sampled with the
same probability, so that on average rankings disagree with the central ranking �

⇤ on half of
the pairwise comparisons. Choosing norm-� = 0.5 leads to profiles where rankings on average
disagree with �

⇤ on a quarter of the pairwise comparisons.

5.2. Comparison of Scoring-Based Ranking Methods

We analyze the average normalized swap distance between the rankings selected by our three
families of scoring-based ranking methods on profiles containing 100 rankings over 10 candi-
dates. For this, we sampled 10 000 profiles for each norm-� 2 {0, 0.1, . . . , 0.9, 1} and depict
the results in Figure 1(a). Let us first focus on Plurality: We find that the rankings produced
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Plurality-Score and -Loser do badly 
when votes are concentrated around 

ground truth because most alternatives 
have plurality score 0 and are tied

Seq-Plurality-Winner  
does quite well

all the Borda-based rules are similar

Seq-Plurality-Winner  
very different from 

Score and Loser
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Figure 3: For pairs of rankings, average position displacement on each position for profiles
generated using the Mallows model with norm-� = 0.8 with 10 candidates and 100
voters.

Comparison of Scoring-Based Ranking Methods We start by analyzing Figure 2(a), where we
compare the rankings selected by our di↵erent scoring-based rules. The general trend here is quite
similar to Mallows profiles for a large dispersion parameter (see Figure 1(a)): For Borda, the
agreement of the three methods is much higher than for Plurality, with Borda-Score producing
rankings close to the other two. For Plurality, Seq.-Plurality-Loser and Plurality-Score produce
again similar results, whereas the ranking produced by Seq.-Plurality-Winner di↵ers more. The
general level of disagreement between the rules for Plurality is remarkably high here. For d = 1,
the di↵erence between Seq.-Plurality-Winner and the other two methods is around 0.4, which
is almost 0.5 (the expected distance of two rankings drawn uniformly at random). Moreover,
even for larger d, the level of disagreement remains high and is in particular around the level of
disagreement for Mallows profiles with parameter norm-� = 1. This is somewhat surprising, as
profiles produced by the Mallows model with norm-� = 1 are “maximally chaotic” and thus give
the rules only limited information to distinguish the strength of candidates.

Comparison to Kemeny Ranking We now turn to the comparison of scoring-based ranking
rules to Kemeny’s method (Figure 2(b)). For Plurality, like we have seen in Mallows profiles,
Seq.-Plurality-Winner produces the best results, followed by Seq.-Plurality-Loser, and lastly
Plurality-Score. Considering the influence of the dimension d, the di↵erence between the
method’s distance to the Kemeny ranking is more or less the same for all dimensions with
d = 1 being the only exception: At d = 1, Seq.-Plurality-Loser and Plurality-Score are at
normalized swap distance 0.43 from the Kemeny ranking, whereas Seq.-Plurality-Winner is at
distance 0.27, highlighting again that Euclidean profiles with d = 1 are particularly challenging
and that Seq.-Plurality-Winner does best.
In contrast, for Borda, the rankings produced by the three methods are all around the same

small distance from the Kemeny ranking (mostly independently of the dimension).

B.3. Similarity in Di↵erent Vote Parts

To shed some further light on the relation of the di↵erent methods, we next analyze in which
parts of the computed ranking the considered methods agree or disagree most. For this, for two
rankings �,�

0
2 L(C), we define the position displacement in position i 2 [|C|] as

1
2

�
|i� pos(�, cand(�0

, i))|+ |i� pos(�0
, cand(�, i))|

�
.
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Bonus plot: in what ranking positions  
do the rules differ least and most?

Rank Aggregation

b

d

c

a

a

b

c

d

a

b

d

c

b

a

d

c

b

c

a

d

b

c

d

a

d

c

a

b

d

c

a

b

d

c

a

b

d

c

b

a

Rank Aggregation

Fundamental task in social choice theory.

Numerous applications besides preference aggregation:

meta-search engines, sports tournaments, multi-criteria decisions, ...

Best-known method with many nice properties: Kemeny method

 hard to compute, even to verify if a ranking is a Kemeny ranking
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