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We need to divide a budget among projects. Voters want money to be spent on approved projects. 

UTILITARIAN 
pick the split maximising welfare 

spend everything on approval winner 

 

CONDITIONAL UTIL 
each voter decides on 1/n of budget 

spends on projects with highest score 

EQUAL SHARES 
each voter decides on 1/n of budget 
spends equally on approved projects 

NASH PRODUCT 
pick the split maximising  
Nash product of utilities 

 

The model:  
• The set of voters:  
• The set of objects:  
• Each voter  approves a subset  of objects 

Given the lottery : 

• The utility of voter  is  

• The total utility of voters is  

The utilitarian rule picks the lottery  that maximizes the total utility of the voters, but this rule is not fair. 
Q: What is the (worst-case) cost (in terms of utilitarian social welfare) of imposing the fairness axioms? 

A: For (1) individual fair share, (2) average fair share, and (3) the core, it is . 

    
  There are rules that implement a smooth tradeoff 
  between utilitarian efficiency and fairness.  
  The paper describes these rules, and 
  characterises the tradeoff.

N = {1,…, n}
O = {o1, …, om}

i Ai

x = (x1, …, xm)

i ui(x) = ∑oj∈Ai
xj

u(x) = ∑i∈N ui(x)

x
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m )
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among the projects. Given an instance I and a distribution x,
the utility of voter i 2 N for x is ui(x) =

Õ
o j 2Ai

xj , i.e., the
total fraction that x spends on projects approved by i. The
(utilitarian) social welfare of x is sw(I, x) = Õ

i2N ui(I, x).
It is useful to note that the maximum feasible social welfare
sw⇤(I) = maxx2�(O) sw(I, x) is attained by the distribution
placing 100% on the project with highest approval score,
so that sw⇤(I) = maxo j 2O |N(O j)|. Finally, let us define the
normalized social welfare of x as csw(I, x) = sw(I, x)/sw⇤(I),
the fraction of the optimum social welfare achieved by x.

Voting rules A (probabilistic) voting rule f is a function
which assigns to every instance I a set of distributions over O

(usually the output contains only one distribution, but several
could be tied). The voting rules discussed in this paper are:
• The utilitarian rule (UTIL) which selects all distributions
x maximizing sw(I, x).

• The conditional utilitarian rule (CUT) which selects the
distribution 1

n

Õ
i2N xi , where for each i 2 N , xi is the

uniform distribution over the projects in Ai that have the
highest approval score.

• The Nash rule (NASH) which selects all distributions x
maximizing

Œ
i2N ui(x), or equivalently

Õ
i2N log ui(x).

• The egalitarian rule (EGAL) which selects all x maximiz-
ing mini2N ui(x) (possibly breaking ties using leximin).

• The point voting rule (PV) which selects x where xj is
proportional to the approval score |N(oj)|, for each oj 2 O.

• The uncoordinated equal shares rule (ES) which selects
the distribution 1

n

Õ
i2N xi , where for each i 2 N , xi is the

uniform distribution over Ai .
These rules were introduced and studied previously (Aziz,
Bogomolnaia, and Moulin 2019; Duddy 2015; Brandl et al.
2019). Figure 1 shows the rules evaluated on an example.

3 Fairness Axioms

Let us begin our study of the impact of imposing fairness
axioms on utilitarian welfare by stating several axioms that
have been proposed. Fix an instance I with n voters and a
distribution x 2 �(O). Then x satisfies
• individual fair share (IFS) if ui(x) > 1/n for all i 2 N;
• group fair share (GFS) if for every S ✓ N , we haveÕ

o j 2
–

i2S Ai
xj > |S |/n;

• implementability if we can write x = 1
n

Õ
i2N xi for some

distributions (xi)i2N such that xi, j > 0 only if oj 2 Ai;
• average fair share (AFS) if for every S ✓ N such that—

i2S Ai , ;, we have 1
|S |

Õ
i2S ui(x) > |S |/n;

• the core if for every S ✓ N , there is no vector z 2 [0,1]m
with

Õ
m

j=1 zj = |S |/n such that ui(z) > ui(x) for all i 2 S.
Intuitively, an implementable distribution is obtained by
splitting the budget into pieces of size 1/n, and letting each
voter spend their piece on approved projects. AFS requires
that cohesive coalitions (whose members approve at least
one project in common) have high average welfare. The core

UTIL CUT NASH EGAL PV ES
IFS + + + +
GFS + + +
impl. + + +
AFS +
core +

Table 1: Voting rules, and the fairness axioms they satisfy

requires that no group could spend their fair share of the
budget in a way that each group member prefers to x.

A voting rule f satisfies one of these notions if f (I) satisfies
it for all instances I. Table 1 shows the rules introduced in
Section 2 and which of these fairness axioms are satisfied
by them. The lower three axioms are pairwise logically
independent; each of them implies GFS, and GFS implies IFS.
For proofs and further discussion, see Aziz, Bogomolnaia,
and Moulin (2019). For a discussion of implementability see
Brandl et al. (2019) and Guerdjikova and Nehring (2014);
CUT and ES satisfy implementability by definition, and the
first-order conditions for NASH show it satisfies it too.

Our first result shows that imposing the weakest of the
above fairness axioms leads, in the worst case over profiles,
to a substantial loss of utilitarian social welfare.
Theorem 1. For each m > 2, there exists an instance I on m

projects such that for every distribution x that satisfies IFS,

we have csw(I, x) 6 2p
m

.

Proof. Fix some m > 2. Write m = k
2 + r for some k > 1

and 1 6 r 6 k + 1. Construct an instance I as follows. Take
n = k

2 + k voters. Voters i = 1,2, . . . , k approve only o1; for
each i 2 {k+1, k+2, . . . , k+ k

2} voter i approves only oi�k+1.
Thus, o1 is approved by k voters and k

2 other projects are
each approved by a single voter.

Suppose x satisfies IFS for this instance. Then for each
j = 1, . . . , k2 + 1, we must have xj > 1

n
. It follows that

x1 = 1 �Õ
m

j=2 xj 6 1 � k
2

n
. Thus,

sw(I, x) =
’
i2N

ui(I, x) 6 k ·
⇣
1 � k

2

n

⌘
+ k

2 · 1
n
=

2
1 + 1

k

.

Now, sw⇤(I) = k since o1 is approved by k voters. Noting
that

p
m =

p
k2 + r 6

p
(k + 1)2 = k + 1, we have

csw(I, x) = sw(I, x)
k

6
2

k + 1
6

2p
m

.

This completes the proof. ⇤

Note that in the hard instance constructed in Theorem 1,
every voter’s approval set is a singleton. Intuitively, if voters
are inflexible and single-minded, then the conflict between
individual fairness and utilitarian welfare is strongest.

A priori, one would expect that imposing stronger fairness
notions than IFS (such as GFS, AFS, or the core) would come
at a greater cost to utilitarian welfare than imposing only IFS.
As we will see, this need not be the case: there are rules (such
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