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Agents estimate probability that an event occurs. 
(e.g. that AAAI-21 gets > 10,000 submissions) 
We want to know their estimates. 
We offer them money to tell us.

payment if it happens

$0.51 $0.91 $0.96 $0.84
payment if it doesn’t

$0.91 $0.51 $0.36 $0.64

Brier’s solution [1950]:

← pay $(1 − (1 − p)2)  
         if event happens
← pay $(1 − p2)  
         if it does not

Theorem (Brier 1950): Agents uniquely maximize expected payoff with truthful reports.

0.6 0.6 0.6 0.6
payment if it happens

$0.84 $0.84 $0.84 $0.84
payment if it doesn’t

$0.64 $0.64 $0.64 $0.64

French [1985]: Agents can collude! 
If they share their beliefs and each report average,  
we pay them strictly more whether or not event happens. 
Agents can share the profits: a riskless manipulation. 

Chun and Shachter [UAI 2011]: Similar riskless collusion  
possible for all scoring rules, for market scoring rules,  
and for competitive scoring rules. 

Big question: Is there a payment scheme that avoids collusion, 
and incentivizes truthful reporting?

Mechanism 1 

Strictly incentive-compatible 
No collusion possible  

if reports are bounded (ε < pi < 1−ε) 

Payoffs: 

for k chosen large enough (depending on ε)

Mechanism 2 

Weakly incentive-compatible 
No collusion possible  

Also “weakly distinguishing” 

Payoff: 
Pay agents using a 2-piecewise-linear scoring 

rule, plus the Brier score of the median report 
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Figure 1: Illustration of Theorem 1 for an agent with
belief p = 0.4 who reports p̂ = 0.6. The horizontal
axis is belief and the vertical axis is score. The line
segment is s(0.6; p), the expected score for report 0.6
under belief p. Its endpoints are the scores s(0.6,0) and
s(0.6,1) in outcomes 0 and 1, respectively.

A scoring rule, s : [0,1] ⇥ {0,1} ! R, is a function
that assigns a real-valued score to an agent based only on
the agent’s report and the realized outcome. We say that
s is weakly (resp. strictly) proper if the corresponding
contract function ⇧ that pays each agent

⇧i(p̂, x) = s(p̂i, x)
is weakly (resp. strictly) proper.

It is easy to see that a contract function is weakly (resp.
strictly) proper if, and only if, for all fixed reports of the
other agents p̂�i, the payment to agent i takes the form
of a weakly (resp. strictly) proper scoring rule.

Scoring rule characterization. We will utilize the
well-known characterization of proper scoring rules (Mc-
Carthy 1956; Savage 1971; Schervish 1989; Gneiting
and Raftery 2007).
Theorem 1. Scoring rule s is (strictly) proper if and only
if there exists a (strictly) convex function G : [0,1] ! R
with

s(p̂, x) = G(p̂) + dG(p̂) · (x � p̂),
where dG(p̂) is a subgradient of G at p̂. Furthermore,
G(p) is the expected score for truthul reporting with
belief p.

Write s(p̂; p) for the expected score of report p̂ under
belief p. From Theorem 1 and linearity of expectation,
we obtain s(p̂; p) = G(p̂) + dG(p̂) · (p � p̂). Note that
s(p; p) = G(p) as claimed.

A pictorial representation (Gneiting and Raftery 2007)
is shown in Figure 1. Given G and a fixed report p̂ = 0.6,
the function s(0.6; p) traces a subtangent line of G,
tangent at p = 0.6. Its slope is equal to the subgradient
dG(p̂). The agent’s score in outcome 0 or 1 is the height
of this subtangent at the vertical line p = 0 or p = 1,

respectively. An agent who believes p = 0.4 and reports
p̂ = 0.6 expects to receive payment equal to the height
of the subtangent at the vertical line p = 0.4, an amount
strictly worse than G(0.4), their expected payment when
reporting truthfully.

3 An Arbitrage-Free Rule Under
Bounded Reports

In this section we present a strictly proper contract
function. It does not permit arbitrage when the reports of
the agents are bounded in (✏,1 � ✏), for some ✏ > 0. We
denote our contract function M

k , where k is a parameter
that is tuned depending on ✏ . Payments are defined by
M

k

i
(p̂, x) = (Õn

j=1 p̂j � n

2 )k + k(x � p̂i)(
Õ

n

j=1 p̂j � n

2 )k�1,
where k is an even integer. We first verify that M

k is
strictly proper.5
Lemma 2. M

k is strictly proper.

Proof. The result follows from Theorem 1, setting
G(p̂i) = (Õn

j=1 p̂j � n

2 )k . ⇤

To gain intuition, let us describe M
k in words, with

the assistance of Figure 2. The blue curve is the function
Ḡ : [0,n] ! R defined by Ḡ(p̂) = (Õn

j=1 p̂j � n

2 )k ,
which defines payo�s over the space of all possible
reports. For fixed reports of other agents p̂�i summing
to c, agent i is faced with a scoring rule derived from
G(p̂i) = (c+ p̂i� n

2 )k , corresponding to a width-1 interval
of the function Ḡ. An interesting feature of M

k is that
each agent receives the same expected payment from
truthful reporting: Pictorially, each agent’s payments are
determined by a subtangent of Ḡ taken at the same point.

We now show that if it is possible to bound agents’
reports away from 0 and 1, then there exists a k for which
M

k is arbitrage free. The proof proceeds by first showing
that the payment a group of agents receives is a function
only of the sum of their reports, and that, while all reports
are within (✏,1 � ✏), this function is increasing for X = 1
and decreasing for X = 0.
Theorem 3. Suppose there exists an ✏ > 0 such that
p̂j 2 (✏,1� ✏) for all agents j. Then M

k is arbitrage free
whenever k > n+2

2✏ .

Proof. Consider reports p̂ and a coalition of agents
C = {1, . . . , |C |}, where |C | � 2. Let us examine the
total payment to agents in C when X = 1. For conciseness,
given a subset S ✓ N , we use the notation p̂S =

Õ
j2S p̂j

5While we may want to bound the reports away from
extremes, we do not require any assumptions on the agents’
beliefs. If beliefs fall outside of the range of allowable reports,
strict properness implies that agents will prefer to report the
allowable report closest to their belief.
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